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Abstract
Let X be a compact Ka¨hler manifold. Let T1, . . . , Tm be closed positive currents of
bi-degree (1, 1) on X and T an arbitrary closed positive current on X. We introduce
the non-pluripolar product relative to T of T1, . . . , Tm. We recover the well-known
non-pluripolar product of T1, . . . , Tm when T is the current of integration along X.
Our main results are a monotonicity property of relative non-pluripolar products, a
necessary condition for currents to be of relative full mass intersection in terms of
Lelong numbers, and the convexity of weighted classes of currents of relative full
mass intersection. The former two results are new even when T is the current of
integration along X.
Keywords: non-pluripolar product, quasi-continuity, weighted class, Monge-Ampe`re op-
erator, full mass intersection.
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1 Introduction
The problem of defining the intersection of closed positive currents on a complex mani-
fold is a central question in the pluripotential theory. This question is already important
for currents of bi-degree (1, 1) with deep applications to complex geometry as well as
complex dynamics; see [1, 10, 17, 15, 14] for an introduction to the subject.
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Let X be an arbitrary complex manifold. Let T1, . . . , Tm be closed positive currents
of bi-degree (1, 1) on X. In [2, 16, 4], the non-pluripolar product 〈T1 ∧ · · · ∧ Tm〉 of
T1, . . . , Tm was defined by using the quasi-continuity of plurisubharmonic (psh for short)
functions with respect to capacity. Since then, this notion has played an important role
in complex geometry. We refer to [6, 8, 9, 7] for recent developments.
In this paper, our first goal is to generalize the notion of non-pluripolar product to a
more general natural setting. Give a closed positive current T on X, we introduce the
non-pluripolar product relative to T of T1, . . . , Tm which we denote by 〈T1∧· · ·∧Tm∧˙T 〉. We
recover the above-mentioned non-pluripolar product when T is the current of integration
along X, see also Remark 3.8. When well-defined, 〈T1 ∧ · · · ∧ Tm∧˙T 〉 is a closed positive
current on X. As in [4], the proof of the last fact follows from ideas in [20]. The product
〈T1∧· · ·∧Tm∧˙T 〉 is symmetric, homogeneous and sub-additive in T1, . . . , Tm (Proposition
3.5). One can consider the last product as a sort of intersection of T1, . . . , Tm, T .
The main ingredient in the construction of relative non-pluripolar products is a (uni-
form) quasi-continuity property of bounded psh functions with respect to the capacity
associated to closed positive currents (Theorem 2.4). This quasi-continuity property is
stronger than the usual one. We also need to establish some convergence properties of
mixed Monge-Ampe`re operators which are of independent interest.
Consider now the case where X is a compact Ka¨hler manifold. As one can expect, the
relative non-pluripolar products are always well-defined in this setting. For any closed
positive current R in X, we denote by {R} the cohomology class of R. For cohomology
classes α, β in Hp,p(X,R), we write α ≤ β if (β − α) can be represented by a closed
positive current. The following result gives a monotonicity property of relative non-
pluripolar products.
Theorem 1.1. (Theorem 4.4) LetX be a compact Ka¨hler manifold and T1, . . . , Tm, T closed
positive currents on X such that Tj is of bi-degree (1, 1) for 1 ≤ j ≤ m. Let T
′
j be closed
positive (1, 1)-current in the cohomology class of Tj on X such that T
′
j is less singular than
Tj for 1 ≤ j ≤ m. Then we have
{〈T1 ∧ · · · ∧ Tm∧˙T 〉} ≤ {〈T
′
1 ∧ · · · ∧ T
′
m∧˙T 〉}.
Note that even when T is the current of integration along X, this result is new. In the
last case, the above result was conjectured in [4] and proved there for Tj of potentials
locally bounded outside a closed complete pluripolar set. The last condition was relaxed
in [8, 21] but it was required there that m = dimX (always for T to be the current
of integration along X). The proofs of these results presented there don’t extend to
our setting. A key ingredient in our proof is Theorem 2.6 (and Remark 2.7) giving a
generalization of well-known convergence properties of Monge-Ampe`re operators. To
prove Theorem 2.6, we will need the strong quasi-continuity of bounded psh functions
mentioned above. When T is of bi-degree (1, 1), we actually have a stronger monotonicity
property, see Remark 4.5.
Theorem 1.1 allows us to define the notion of full mass intersection relative to T for
currents T1, . . . , Tm as in [4], see Definition 4.8. Our next goal is to study currents of
relative full mass intersection. We will prove that the relative non-pluripolar products
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of currents with full mass intersection are continuous under decreasing or increasing
sequences (Theorem 4.9).
Now we concentrate on the case where the cohomology classes of T1, . . . , Tm are
Ka¨hler. In this case, T1, . . . , Tm are of full mass intersection relative to T if and only if
{〈∧mj=1Tj∧˙T 〉} is equal to {∧
m
j=1θj ∧ T}, where θj is a closed smooth (1, 1)-form cohomol-
ogous to Tj for 1 ≤ j ≤ m. Our next main result explains why having positive Lelong
numbers is an obstruction for currents to be of full mass intersection.
Theorem 1.2. (Theorem 4.12) Let X be a compact Ka¨hler manifold. Let T1, . . . , Tm be
closed positive (1, 1)-currents on X such that the cohomology class of Tj is Ka¨hler for 1 ≤
j ≤ m and T a closed positive (p, p)-current on X with p +m ≤ n. Let V be an irreducible
analytic subset in X such that the generic Lelong numbers of T1, . . . , Tm, T along V are
strictly positive. Assume T1, . . . , Tm are of full mass intersection relative to T . Then, we have
dimV < n− p−m.
Recall that the generic Lelong number of T along V is the smallest value among the
Lelong numbers of T at points in V . When p +m = n, the above theorem says that V is
empty. To get motivated about Theorem 1.2, let us consider the case where p +m = n
and the current Tj has a potential which is locally bounded outside a point x0 in X. In
this case, T1∧· · ·∧Tm∧T is well-defined in the sense given in [1, 10, 15] and we can see
that 〈T1∧· · ·∧Tm∧˙T 〉 = T1∧· · ·∧Tm∧T onX\{x0}. The latter current has strictly positive
mass on x0 by [10, Corollary 7.9]. Hence T1, . . . , Tm cannot be of full mass intersection
relative to T . By considering Tj to be suitable currents with analytic singularities (for
example when X is projective) and T is the current of integration along X, one can see
that the conclusion of Theorem 1.2 is optimal.
When m = n and T1 = · · · = Tm, Theorem 1.2 was proved in [16]. Their proof uses
comparison principle and hence doesn’t apply to our setting because T1, . . . , Tm are dif-
ferent in general. When the class of Tj is not Ka¨hler, the above theorem no longer holds
because currents with minimal singularities in a big and non-nef cohomology class al-
ways have positive Lelong numbers at some points in X (see [3]). The proof of Theorem
1.2, which is Theorem 4.12 below, uses Theorem 1.1.
Let W− be the set of convex increasing functions χ : R → R with χ(−∞) = −∞.
A function in W− is called a (convex) weight. We will define the notion of having full
mass intersection relative to T with weight χ and the weighted class of these currents, see
Definition 5.3. The case where T is the current of integration alongX and T1, . . . , Tm are
all equal was studied in [16, 4]. Here is our main result in this part.
Theorem 1.3. Let X, T1, . . . , Tm, T be as in Theorem 1.2. Let χ ∈ W
−. The following three
assertions hold:
(i) If Tj, . . . , Tj (m times Tj) are of full mass intersection relative to T for 1 ≤ j ≤ m,
then T1, . . . , Tm are also of full mass intersection relative to T .
(ii) Let T ′j be a closed positive (1, 1)-current whose cohomology class is Ka¨hler for 1 ≤
j ≤ m. Assume that T ′j is less singular than Tj and T1, . . . , Tm are of full mass intersection
relative to T with weight χ. Then T ′1, . . . , T
′
m are also of full mass intersection relative to T
with weight χ.
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(iii) If Tj , . . . , Tj (m times Tj) are of full mass intersection relative to T with weight χ
for 1 ≤ j ≤ m, then T1, . . . , Tm are also of full mass intersection relative to T with weight χ.
Theorem 1.3 is a combination of Theorems 5.1, 5.8 and 5.9 below. Property (i)− (ii)
of Theorem 1.3 was proved in [16] in the case where T is the current of integration
along X and T1, . . . , Tm are equal and T
′
1, . . . , T
′
m are equal. When T is the current of
integration along X, Property (iii) of Theorem 1.3 was proved in [16] for χ(t) = −(−t)r
with 0 < r ≤ 1 and it was proved in [6] for every χ ∈ W− under an extra condition that
m = n. The proof given in [6] used Monge-Ampe`re equations, hence, doesn’t extend to
our setting.
We have some comments about the proof of Theorem 1.3. Firstly, arguments simi-
lar to those in [16] are sufficient to obtain (ii) of Theorem 1.3. However, as pointed
out above, to prove (iii), we need new arguments. We prove (i), (iii) using the same
approach. It is possible that we can use the comparison principle to get (i) as in the
case where T is the current of integration along X. But we choose to invoke a more
flexible idea which is also applicable to get (iii). The idea is to combine a monotonic-
ity property and generalizations of results in [2] about plurifine topology properties of
Monge-Ampe`re operators. Here, the monotonicity mentioned in the last sentence is The-
orem 1.1 in case of proving (i) and (ii) in case of proving (iii).
The paper is organized as follows. In Section 2, we establish the uniform strong quasi-
continuity of bounded psh functions and derive from it some consequences concerning
the convergence of Monge-Ampe`re operators. In Section 3, we define the notion of rel-
ative non-pluripolar products and prove its basic properties. In Section 4, we prove the
monotonicity of relative non-pluripolar products and explain Lelong number obstruction
for currents having full mass intersection. Section 5 is devoted to the weighted class of
currents with relative full mass intersection.
Acknowledgments. The author would like to thank Hoang Chinh Lu for kindly an-
swering him numerous questions about non-pluripolar products. He also thanks Tama´s
Darvas, Lucas Kaufmann and Tuyen Trung Truong for their comments. This research is
supported by a postdoctoral fellowship of the Alexander von Humboldt Foundation.
Notation and convention. For a closed positive current T on a compact complex man-
ifold X, we denote by {T} the cohomology class of T and ν(T, x) denotes the Lelong
number of T at x. Recall that the wedge product on closed smooth forms induces the
cup-product on their de Rham cohomology classes. We use the same notation “ ∧ ” to
denote these two products.
Recall dc = i
2π
(∂ − ∂) and ddc = i
π
∂∂. We use &,. to denote ≥,≤ modulo some
multiplicative constant independent of parameters in question. For a Borel set A ⊂ X,
we denote by 1A the characteristic function of A, that means 1A is equal to 1 on A and 0
elsewhere. For every current R of order 0 on X, we denote by ‖R‖A the mass of R on A.
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2 Quasi-continuity for bounded psh functions
In this section, we prove a quasi-continuity for bounded plurisubharmonic (psh for short)
functions which is stronger than the one for general psh functions. This property is the
key to define our generalization of non-pluripolar products.
Let U be an open subset of Cn. Let K be a Borel subset of U . The capacity cap(K,U)
of K in U , which was introduced in [1], is given by
cap(K,U) := sup
{∫
K
(ddcu)n : u is psh on U and 0 ≤ u ≤ 1
}
.
For a closed positive current T of bi-dimension (m,m) on U (0 ≤ m ≤ n), we define
capT (K,U) := sup
{∫
K
(ddcu)m ∧ T : u is psh on U and 0 ≤ u ≤ 1
}
.
We say that a sequence of functions (uj)j∈N converges to u with respect to the capacity
capT (relative in U) if for any constant ǫ > 0 and K ⋐ U , we have capT
(
{|uj − u| ≥
ǫ} ∩ K,U
)
→ 0 as t → ∞. The last notion was introduced in [17, 22]. We say that a
subset A in U is locally complete pluripolar set if locally A = {ψ = −∞} for some psh
function ψ. We begin with the following lemma which is probably well-known.
Lemma 2.1. Let A be a locally complete pluripolar set in U . Let T be closed positive
current T of bi-dimension (m,m) on U . Assume that T has no mass on A. Then, we have
capT (A,U) = 0.
Proof. The proof is standard. We present the details for readers’ convenience. Since the
problem is of local nature, we can assume that there is a negative psh function ψ on
U such that A = {ψ = −∞}. Let u1, . . . , um be bounded psh functions on U such that
0 ≤ uj ≤ 1 for 1 ≤ j ≤ m. Let ω is the standard Ka¨hler form on C
n. Let k ∈ N and
ψk := k
−1max{ψ,−k}. We have −1 ≤ ψk ≤ 0. Let χ be a nonegative smooth function
with compact support in U . Let 0 ≤ l ≤ m be an integer. Put
Ik :=
∫
U
χψkdd
cu1 ∧ · · · ∧ dd
cul ∧ ω
m−l ∧ T.
Since ψk = −1 on {ψ < −k}, in order to prove the desired assertion, it is enough to show
that for every 0 ≤ l ≤ q, we have
Ik → 0 (2.1)
as k → ∞ uniformly in u1, . . . , ul. We will prove (2.1) by induction on l. Firstly, (2.1) is
trivial if l = 0 because T has no mass on A. Assume that it holds for (l − 1). We prove it
for l. Put
R := ddcu2 ∧ · · · ∧ dd
cul ∧ ω
m−l ∧ T.
By integration by parts, we have
Ik =
∫
U
u1χdd
cψk ∧R +
∫
U
u1ψkdd
cχ ∧ R + 2
∫
U
u1dψk ∧ d
cχ ∧ R.
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Denote by Ik,1, Ik,2, Ik,3 the first, second and third term respectively in the right-hand side
of the last equality. Since u1 is bounded by 1, by integration by parts, we get
|Ik,1| ≤ C
∫
Suppχ
−ψkR ∧ ω, |Ik,2| ≤ C
∫
Suppχ
−ψkR ∧ ω,
for some constant C depending only on χ. By induction hypothesis, we have
lim
k→∞
∫
Suppχ
ψkR ∧ ω = 0.
Thus limk→∞ Ik,j = 0 for j = 1, 2. To treat Ik,3, we use the Cauchy-Schwarz inequality to
get
|Ik,3| ≤
(∫
Suppχ
dψk ∧ d
cψk ∧R
)1/2
.
(∫
U1
−ψkR ∧ ω
)1/2
,
because dψk ∧ d
cψk = dd
cψ2k − ψkdd
cψk, where U1 is a relatively compact open subset of
U containing the support of χ. By induction hypothesis, limk→∞
∫
U1
ψkR ∧ ω = 0. So
limk→∞ Ik,3 = 0. In conclusion, (2.1) follows. This finishes the proof.
We now give a definition which will be crucial later. Let (Tk)k be a sequence of
closed positive currents of bi-degree (m,m) on U . We say that (Tk)k satisfies Condition
(∗) if (Tk)k is of uniformly bounded mass on compact subsets of U , and for every open
set U ′ ⊂ U and every bounded psh function u on U ′ and every sequence (uk)k of psh
functions on U ′ decreasing to u, we have
lim
k→∞
(uk − u)(dd
cu)m ∧ Tk = 0 (2.2)
An obvious example for sequences satisfying Condition (∗) is constant sequences: Tk = T
for every k. We can also take (Tk)k to be a sequence of suitable Monge-Ampe`re operators
with decreasing potentials, see [1, 10, 15]. Concerning Condition (∗), we will use mostly
the example of constant sequences and the one provided by the following result.
Theorem 2.2. Let S be a closed positive current on U . Let v be a psh function on U such
that v is locally integrable with respect to the trace measure of S and (vk)k a sequence of psh
functions on U such that vk → v in L
1
loc as k →∞ and vk ≥ v for every k. Let T := dd
cv∧S
and Tk := dd
cvk ∧ S. Let uj be a bounded psh function on U for 1 ≤ j ≤ m. Let (ujk)k∈N
be a sequence of uniformly bounded psh functions such that ujk → uj in L
1
loc as k →∞ and
ujk ≥ uj for every j, k. Then we have
u1kdd
cu2k ∧ · · · ∧ dd
cumk ∧ Tk → u1dd
cu2 ∧ · · · ∧ dd
cum ∧ T (2.3)
as k →∞. In particular, the sequence (Tk)k satisfies Condition (∗).
Proof. By Hartog’s lemma, vk, ujk are uniformly bounded from above in k on compact
subsets of U for every j. Since the problem is local, as usual, we can assume that U is
relatively compact open set with smooth boundary in Cn, every psh function in questions
is defined on an open neighborhood of U , vk, v ≤ 0 on U for every k and ujk, uj are all
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equal to a smooth psh function ψ outside some fixed compact subset of U such that ψ = 0
on ∂U . We claim that
Qk := vkdd
cu1k ∧ · · · ∧ dd
cumk ∧ S → vdd
cu1 ∧ · · · ∧ dd
cum ∧ S (2.4)
as k → ∞. In particular, this implies that v is locally integrable with respect to ddcu1 ∧
· · · ∧ ddcum ∧ S. We will prove (2.3) and (2.4) simultaneously by induction on m. When
m = 0, we have nothing to prove. Assume that (2.3) and (2.4) hold for (m− 1) in place
of m. Let
Rj,k := dd
cujk ∧ · · · ∧ dd
cumk ∧ Tk
for 1 ≤ j ≤ m. By induction hypothesis, we have
Rj,k → Rj := dd
cuj ∧ · · · ∧ dd
cum ∧ T
for j ≥ 2. Since u1k is uniformly bounded on U , the family u1kR2,k is of uniformly
bounded mass. Let R∞ be a limit current of the last family. Without loss of generality,
we can assume R∞ = limk→∞ u1kR2,k and S is of bi-degree (n −m,n −m). By standard
arguments, we have R∞ ≤ u1R2 (see [15, Proposition 3.2]). Thus, in order to have
R∞ = u1R2, we just need to check that∫
U
R∞ ≥
∫
U
u1R2 (2.5)
(both sides are finite because of the assumption we made at the beginning of the proof).
Since ψ = 0 on ∂U and u1k = ψ on outside a compact of U , we have∫
U
u1kR2,k →
∫
U
R∞,
∫
U
ψR2,k →
∫
U
ψR2. (2.6)
Let uǫjk, ψ
ǫ be standard regularisations of ujk, ψ respectively. Since ujk = ψ outside some
compact of U , we have uǫjk = ψ
ǫ outside some compact K of U , for ǫ small enough and
K independent of j, k, ǫ. Consequently, uǫjk − ψ
ǫ is supported in K ⋐ U . Note that since
ψ is smooth, ψǫ → ψ in C∞- topology. By integration by parts and the fact that ujk ≥ uj
for j = 1, 2, we have
∫
U
(u1 − ψ)R2 ≤ lim
ǫ→0
∫
U
(uǫ1k − ψ
ǫ)R2 = lim
ǫ→0
∫
U
u2dd
c(uǫ1k − ψ
ǫ)R3
≤ lim
ǫ→0
∫
U
uǫ2kdd
c(uǫ1k − ψ
ǫ)R3 + lim
ǫ→0
∫
U
(uǫ2k − u2)dd
cψǫ ∧ R3
= lim
ǫ→0
∫
U
(uǫ1k − ψ
ǫ)ddcuǫ2k ∧R3 + ok→∞(1)
by induction hypothesis for (m − 1) of (2.3) and the fact that ‖ddcψǫ − dd
cψ‖C 0 = O(ǫ).
Put R′ǫ2,k := dd
cuǫ2k ∧ · · · ∧ dd
cuǫmk. Repeating the above arguments for every ujk (j ≥ 2)
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and v, vk gives∫
U
(u1 − ψ)R2 ≤ lim
ǫ→0
∫
U
(uǫ1k − ψ
ǫ)R′ǫ2,k ∧ dd
cv ∧ S ≤ lim
ǫ→0
∫
U
vddc(uǫ1k − ψ
ǫ) ∧ R′ǫ2,k ∧ S
≤ lim
ǫ→0
∫
U
vkdd
c(uǫ1k − ψ
ǫ) ∧R′ǫ2,k ∧ S + lim
ǫ→0
∫
U
(vk − v)dd
cψǫ ∧ R′ǫ2,k ∧ S
= lim
ǫ→0
∫
U
(uǫ1k − ψ
ǫ) ∧R′ǫ2,k ∧ dd
cvk ∧ S + ok→∞(1)
=
∫
U
(u1k − ψ) ∧R2,k + ok→∞(1)
by (2.4) for (m − 1) and the usual convergence of Monge-Ampe`re operators. Letting
k →∞ in the last inequality and using (2.6) give (2.5). Hence (2.3) for m follows.
It remains to prove (2.4) for m. Put R′2,k := dd
cu2k ∧ · · · ∧ dd
cumk and R
′
2 := dd
cu2 ∧
· · · ∧ ddcum. We check that Qk is of uniformly bounded mass. Decompose
Qk = vkdd
c(u1k − ψ) ∧R
′
2,k ∧ S + vkdd
cψ ∧R′2,k ∧ S.
The second term converges to vddcψ ∧ R′2 ∧ S as k → ∞ by induction hypothesis for
(m − 1). Denote by Qk,1 the first term. Let v
ǫ
k be standard regularizations of vk. By
integration by parts, we have∫
U
Qǫk,1 :=
∫
U
vǫkdd
c(u1k − ψ) ∧ R
′
2,k ∧ S
=
∫
U
(u1k − ψ)dd
cvǫk ∧ R
′
2,k ∧ S = (u1k − ψ)R
′
2,k ∧ dd
cvǫk ∧ S
which converges to
∫
U
(u1k − ψ)R
′
2,k ∧ dd
cvk ∧ S as ǫ→ 0 by (2.3) for m. Thus,
∫
U
Qk,1 =
∫
U
(u1k − ψ)R
′
2,k ∧ dd
cvk ∧ S.
This combined with (2.3) for m again implies that
∫
U
Qk,1 →
∫
U
(u1 − ψ)R
′
2 ∧ dd
cv ∧ S
as k → ∞. The last limit is equal to
∫
U
vddc(u1 − ψ) ∧ R
′
2 by integration by parts which
can be performed thanks to (2.3) for m. Thus, we have proved that Qk is of uniformly
bounded mass and ∫
U
Qk →
∫
U
vR1
as k →∞. This combined with the fact that vR1 ≥ Q∞ for every limit current Q∞ of the
family (Qk)k gives the desired assertion (2.4) for m. This finishes the proof.
Remark 2.3. We can apply Theorem 2.2 to the case where S is a constant function and v is
an arbitrary psh function. By the above proof, we can check the following observations:
(i) if S is a closed positive current on U , u1, . . . , um are psh functions on U which are
locally integrable with respect to S such that uj is locally bounded for every 1 ≤ j ≤ m
except possibly for one index, then the current ddcu1 ∧ · · · ∧ dd
cum ∧ S, which is defined
inductively as usual, is symmetric with respect to u1, . . . , um and satisfies the convergence
under decreasing sequences,
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(ii) let u0 be another psh function locally integrable with respect to S such that u0 is
locally bounded if there is an index 1 ≤ j ≤ m so that uj is not locally bounded. Then
u0dd
cu1 ∧ · · · ∧ dd
cum ∧ S is convergent under decreasing sequences and for every compact
K in U , if we have 0 ≤ u1, . . . , um ≤ 1, then
‖u0dd
cu1 ∧ · · · ∧ dd
cum ∧ S‖K ≤ C‖u0S‖U
for some constant C independent of u0, . . . , um, S.
The following result explains the reason for the use of Condition (∗).
Theorem 2.4. Let (Tl)l be a sequence of closed positive currents satisfying Condition (∗).
Let u be a bounded psh function on U and (uk)k a sequence of psh functions on U decreasing
to u. Then for every constant ǫ > 0 and every compact K in U , we have capTl({|uk − u| ≥
ǫ}∩K) → 0 as k →∞ uniformly in l. In particular, for every constant ǫ > 0, there exists an
open subset U ′ of U such that capTl(U
′, U) < ǫ for every l and the restriction of u to U\U ′ is
continuous.
Consider the case where Tl = T for every l. Then, the above theorem give a quasi-
continuity with respect to capT for bounded psh function which is stronger than the usual
one for general psh functions with respect to cap (see [1]). We refer to Theorem 2.4 as
a (uniform) strong quasi-continuity of bounded psh functions.
Proof. We follow ideas presented in [17, Proposition 1.12]. Let K ⋐ U . Let Tl be of
bi-dimension (m,m). We will prove that
∫
K
(uk − u)dd
cv1 ∧ · · · ∧ dd
cvm ∧ Tl → 0 (2.7)
uniformly in psh functions 0 ≤ v1, . . . , vm ≤ 1 and in l. The desired assertion concerning
the uniform convergence in capTl is a direct consequence of (2.7).
By Hartog’s lemma and the boundedness of u, we obtain that uk is uniformly bounded
in k in compact subsets of U . Since the problem is local and uk, u, v1, . . . , vm are uniformly
bounded on U , we can assume that U ⋐ Cn, uk, u, v1, . . . , vm are defined on an open
neighborhood of U and there exist a smooth psh function ψ defined on an open neighbor-
hood of U and an open neighborhoodW of ∂U such thatK ⊂ U\W and uk = u = vj = ψ
on W for every j, k. Let
T ′l := dd
cv2 ∧ · · · ∧ dd
cvm ∧ Tl.
Observe uk − u is of compact support in some open set U1 ⋐ U containing K. Hence, by
integration by parts, we get
∫
U1
(uk − u)dd
cv1 ∧ T
′
l = −
∫
U1
d(uk − u) ∧ d
cv1 ∧ T
′
l
≤
(∫
U1
d(uk − u) ∧ d
c(uk − u) ∧ T
′
l
)1/2(∫
U1
dv1 ∧ d
cv1 ∧ T
′
l
)1/2
9
which is .
(∫
U1
d(uk−u)∧d
c(uk−u)∧T
′
l
)1/2
by the Chern-Levine-Nirenberg inequality.
Denote by I the integral in the last quantity. We have
I = −
∫
U1
(uk − u) ∧ dd
c(uk − u) ∧ T
′ ≤
∫
U1
(uk − u) ∧ dd
cu ∧ T ′l .
Applying similar arguments to v2, . . . , vm consecutively and the right-hand side of the last
inequality, we obtain that
∫
K
(uk − u)dd
cv1 ∧ · · · ∧ dd
cvm ∧ Tl ≤ C
(∫
U1
(uk − u)(dd
cu)m ∧ Tl
)2−m
, (2.8)
where C is independent of k and l (note that the mass of Tl on compact subsets of U is
bounded uniformly in l). Let
Hk,l :=
∫
U1
(uk − u)(dd
cu)m ∧ Tl.
By (2.8), in order to obtain (2.7), it suffices to prove that Hk,l converges to 0 as k → ∞
uniformly in l. Suppose that this is not the case. This means that there exists a constant
ǫ > 0, (ks)s → ∞ and (ls)s → ∞ such that Hks,ls ≥ ǫ for every s. However, by Condition
(∗), we get (uks − u)(dd
cu)m ∧ Tls → 0 as s → ∞. This is contradiction. Hence, (2.7)
follows.
We prove the second desired assertion, let K ⋐ U and (uk)k a sequence of smooth
psh functions defined on an open neighborhood of K decreasing to u. Let ǫ > 0 be a
constant. Since uk → u in capTl as k → ∞ uniformly in l, there is a sequence (jk)k
converging to∞ for which
capTl
(
K ∩ {ujk > u+ 1/k}, U
)
≤ ǫ2−k
for every k, l ∈ N∗. Consequently, for Kǫ := K\ ∪
∞
k=1 {ujk > u + 1/k}, we have that
capTl(K\Kǫ, U) ≤ ǫ and ujk is convergent uniformly onKǫ. Hence u is continuous onKǫ.
Let (Us)s be an increasing exhaustive sequence of relatively compact open subsets of
U andKs := U s\Us−1 for s ≥ 1, where U0 := ∅. Observe that Kl is compact, U = ∪
∞
s=1Ks
and
Ks ∩ ∪s′≥s+2Ks′ = ∅ (2.9)
for every s ≥ 1. By the previous paragraph, there exists a compact subset K ′s of Ks such
that capTl(Ks\K
′
s, U) ≤ ǫ2
−s and u is continuous on K ′s. Observe that K
′ := ∪∞s=1K
′
s
is closed in U and u is continuous on K ′ because of (2.9). We also have U\K ′ ⊂
∪∞s=1(Ks\K
′
s). Hence capTl(U\K
′, U) ≤ ǫ for every l. The proof is finished.
As one can expect, the above quasi-continuity of bounded psh functions allows us to
treat, to certain extent, these functions as continuous functions with respect to closed
positive currents.
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Corollary 2.5. Let Rk := dd
cv1k ∧ · · · ∧ dd
cvmk ∧ Tk and R := dd
cv1 ∧ · · · ∧ dd
cvm ∧ T ,
where vjk, vj are uniformly bounded psh functions on U and Tk, T closed positive currents
of bi-degree (p, p). Let u be a bounded psh function on U and χ a continuous function on R.
Assume that Rk → R as k →∞ on U and (Tk)k satisfies Condition (∗). Then we have
χ(u)Rk → χ(u)R
as k → ∞. In particular, the last convergence holds when Tk = T for every k or Tk =
ddcwk ∧ S, T = dd
cw ∧ S, where S is a closed positive current, w is a psh function locally
integrable with respect to S and wk is a psh function converging to w in L
1
loc as k → ∞ so
that wk ≥ w for every k.
Proof. The problem is local. Hence we can assume U is relatively compact in Cn. Since
u is bounded, using Theorem 2.4, we have that u is uniformly quasi-continuous with
respect to the family capTk with k ∈ N. This means that given ǫ > 0, we can find an
open subset U ′ of U such that capTk(U
′, U) < ǫ and u|U\U ′ is continuous. Let u˜ be a
bounded continuous function on U extending u|U\U ′ (see [19, Theorem 20.4]). We have
χ(u˜)Rk → χ(u˜)R because χ, u˜ are continuous. Moreover,
∥∥(χ(u˜)− χ(u))Rk∥∥ . ‖Rk‖U\U ′ ≤ capTk(U\U ′, U) < ǫ
(we used here the boundedness of U) and a similar estimate also holds for
(
χ(u˜) −
χ(u)
)
R. The desired assertion then follows. This finishes the proof.
The following result generalizes well-known convergence properties of Monge-Ampe`re
operators in [1].
Theorem 2.6. Let U ⊂ Cn be an open set. Let (Tk)k be a sequence of closed positive currents
satisfying Condition (∗) so that Tk converges to a closed positive current T on U as k →∞.
Let uj be a locally bounded psh function on U for 1 ≤ j ≤ m. Let (ujk)k∈N be a sequence of
locally bounded psh functions converging to uj in L
1
loc as k →∞. Then, the convergence
u1kdd
cu2k ∧ · · · ∧ dd
cumk ∧ Tk → u1dd
cu2 ∧ · · · ∧ dd
cum ∧ T (2.10)
as k →∞ holds provided that one of the following conditions is fulfilled:
(i) ujk(x) ր uj(x) for every x ∈ U as k →∞,
(ii) ujk(x) ր uj(x) for almost everywhere x ∈ U (with respect to the Lebesgue measure)
and T has no mass on pluripolar sets,
(iii) ujk ≥ uj for every j, k.
Proof. Given that we already have a uniform strong quasi-continuity for bounded psh
functions, the desired result can be deduced without difficulty from proofs of classical
results on the convergence of Monge-Ampe`re operators, for example, see [17].
We present here a proof of Theorem 2.6 for the readers’ convenience. First of all,
observe that if ujk ր uj almost everywhere then, we have ujk ≤ uj(k+1) ≤ uj pointwise
on U and the set {x ∈ U : uj(x) 6= limk→∞ ujk(x)} is pluripolar. By the localization
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principle ([17, Page 7]), we can assume that ujk, uj are all equal to some smooth psh
function ψ outside some set K ⋐ U on U . We prove (i), (ii) simultaneously. Let
Sjk := dd
cujk ∧ · · · ∧ dd
cumk ∧ Tk, Sj := dd
cuj ∧ · · · ∧ dd
cum ∧ T.
We prove by induction in j that
u(j−1)kSjk → u(j−1)Sj (2.11)
k and for every 2 ≤ j ≤ m+ 1 (by convention we put S(m+1)k := Tk and Sm+1 := T ). The
claim is true for j = m + 1. Suppose that it holds for (j + 1). We need to prove it for
j. Let Rj∞ be a limit current of u(j−1)kSjk as k → ∞. By induction hypothesis (2.11) for
(j + 1) instead of j, Sjk → Sj as k → ∞. This combined with the fact that the sequence
(ujk)k converges in L
1
loc to uj gives
Rj∞ ≤ uj−1Sj (2.12)
(one can see [15, Proposition 3.2]). On the other hand, since (ujk)k is increasing, using
Corollary 2.5, we obtain
lim inf
k→∞
u(j−1)kSjk ≥ lim inf
k→∞
u(j−1)sSjk = u(j−1)sSj
for every s ∈ N. Letting s→∞ in the last inequality gives
Rj∞ ≥ ( lim
s→∞
u(j−1)s)Sj = uj−1Sj + ( lim
s→∞
u(j−1)s − uj−1)Sj. (2.13)
Recall that the set of x ∈ U with uj−1(x) > lims→∞ u(j−1)s(x) is empty in the setting of
(i) and is a pluripolar set in the setting of (ii). Hence (2.11) follows from Lemma 2.1,
(2.13) and (2.12). We have proved (i) and (ii). We prove (iii) by similar induction. The
proof is finished.
Remark 2.7. By the above proof and Lemma 2.1, Property (ii) of Theorem 2.6 still holds if
instead of requiring T has no mass on pluripolar sets, we assume the following two condi-
tions:
(i) T has no mass on Aj := {x ∈ U : uj(x) 6= limk→∞ ujk(x)} for every 1 ≤ j ≤ m and,
(ii) the set Aj is locally complete pluripolar for every j.
Just by replacing the usual quasi-continuity of psh functions by the stronger one given
in Theorem 2.4 for bounded psh functions, we immediately obtain results similar to those
in [2]. We state here results we will use later.
Lemma 2.8. (similar to [2, Lemma 4.1]) Let U be an open subset in Cn. Let T be a
closed positive current on U and uj, ujk, u
′
j, u
′
jk bounded psh functions on U for k ∈ N and
1 ≤ j ≤ m, where m ∈ N. Let q ∈ N∗ and vj , v
′
j bounded psh functions on U for 1 ≤ j ≤ q.
Put W := ∩qj=1{vj > v
′
j}. Assume that
Rk := dd
cu1k ∧ · · · ∧ dd
cumk ∧ T → R := dd
cu1 ∧ · · · ∧ dd
cum ∧ T
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and
R′k := dd
cu′1k ∧ · · · ∧ dd
cu′mk ∧ T → R
′ := ddcu′1 ∧ · · · ∧ dd
cu′m ∧ T
as k →∞ and
1WRk = 1WR
′
k (2.14)
for every k. Then we have 1WR = 1WR
′.
Proof. The problem is clear ifW is open, for example, when vj is continuous for 1 ≤ j ≤
q. In the general case, we will use the strong quasi-continuity to modify vj . Since the
problem is local, we can assume that U is bounded. Let ǫ > 0 be a constant. By Theorem
2.4, we can find bounded continuous functions v˜j on U such that capT ({v˜j 6= vj}, U) < ǫ.
Put W˜ := ∩qj=1{v˜j > v
′
j} which is an open set. The choice of v˜j combined with the
definition of capT yields that
‖1WR− 1W˜R‖U ≤ ǫ, ‖1WRk − 1W˜Rk‖U ≤ ǫ.
We also have similar estimates for R′, R′k. By this and (2.14), we get ‖1W˜Rk−1W˜R
′
k‖U ≤
2ǫ. This combined with the fact that W˜ is open yields that ‖1W˜R − 1W˜R
′‖U ≤ 2ǫ.
Thus ‖1WR − 1WR
′‖U ≤ 4ǫ for every ǫ. The desired equality follows. This finishes the
proof.
Theorem 2.9. Let U be an open subset in Cn. Let T be a closed positive current on U and
uj, u
′
j bounded psh functions on U for 1 ≤ j ≤ m, where m ∈ N. Let vj , v
′
j be bounded psh
functions on U for 1 ≤ j ≤ q. Assume that uj = u
′
j on W := ∩
q
j=1{vj > v
′
j} for 1 ≤ j ≤ m.
Then we have
1Wdd
cu1 ∧ · · · ∧ dd
cum ∧ T = 1Wdd
cu′1 ∧ · · · ∧ dd
cu′m ∧ T. (2.15)
Proof. We give here a complete proof for the readers’ convenience. Let ǫ > 0 be a
constant. Put u′′j := max{uj, u
′
j − ǫ} and W˜ := ∩
m
j=1{uj > u
′
j − ǫ}. By hypothesis,
W ⊂ W˜ . We will prove that
1W˜dd
cu1 ∧ · · · ∧ dd
cum ∧ T = 1W˜dd
cu′′1 ∧ · · · ∧ dd
cu′′m ∧ T. (2.16)
Since the problem is local, we can assume there is a sequence of uniformly bounded
smooth psh functions (ujk)k decreasing to uj for 1 ≤ j ≤ m. Since W˜k := {ujk > u
′
j − ǫ}
is open, we have
1W˜k
ddcu1k ∧ · · · ∧ dd
cumk ∧ T = 1W˜kdd
cmax{u1k, u
′
j − ǫ} ∧ · · · ∧ dd
c{umk, u
′
j − ǫ} ∧ T.
This together with the inclusion W˜ ⊂ W˜k gives
1W˜dd
cu1k ∧ · · · ∧ dd
cumk ∧ T = 1W˜dd
cmax{u1k, u
′
j − ǫ} ∧ · · · ∧ dd
c{umk, u
′
j − ǫ} ∧ T.
Using this and Lemma 2.8, we obtain (2.16) by considering k →∞. In particular, we get
1Wdd
cu1 ∧ · · · ∧ dd
cum ∧ T = 1Wdd
cu′′1 ∧ · · · ∧ dd
cu′′m ∧ T.
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Letting ǫ→ 0 and using Lemma 2.8 again gives
1Wdd
cu1 ∧ · · · ∧ dd
cum ∧ T = 1Wdd
cmax{u1, u
′
1} ∧ · · · ∧ dd
cmax{um, u
′
m} ∧ T.
The last equality still holds if we replace uj in the left-hand side by u
′
j by using similar
arguments. So the desired equality follows. The proof is finished.
Remark 2.10. Recall that a quasi-psh function u on U is, by definition, locally the sum
of a psh function and a smooth one. We can check that results presented above have their
analogues for quasi-psh functions.
3 Relative non-pluripolar product
Let X be a complex manifold of dimension n and T, T1, . . . , Tm closed positive currents
on X such that Tj is of bi-degree (1, 1) for 1 ≤ j ≤ m. Let U be a local chart of X
such that Tj = dd
cuj on U for 1 ≤ j ≤ m, where u1, . . . , um are psh functions on U .
Let k ∈ N and ujk := max{uj,−k} which is a locally bounded psh function. Put Rk :=
ddcu1k ∧ · · · ∧ dd
cumk ∧T . By Theorem 2.9 and the fact that {uj > −k} = {ujk > −k}, we
have
1∩mj=1{uj>−k}
Rk = 1∩mj=1{uj>−k}Rl (3.1)
for every l ≥ k. As in the case of the usual non-pluripolar products, we have the following
basic observation.
Lemma 3.1. Assume that we have
sup
k∈N
‖1∩mj=1{uj>−k}Rk‖K <∞ (3.2)
for every compact K of U . Then the limit current
R := lim
k→∞
1∩mj=1{uj>−k}
Rk (3.3)
is well-defined and for every Borel form Φ with bounded coefficients on U such that SuppΦ ⋐
U , we have
〈R,Φ〉 = lim
k→∞
〈1∩mj=1{uj>−k}Rk,Φ〉. (3.4)
Consequently, there holds
1∩mj=1{uj>−k}
R = 1∩mj=1{uj>−k}Rk, 1∪mj=1{uj=−∞}R = 0.
Proof. By (3.1), we have
1∩mj=1{uj>−l}
Rl = 1∩mj=1{uj>0}Rl +
l∑
k=1
1∩mj=1{−k+1≥uj>−k}
Rl
= 1∩mj=1{uj>0}R0 +
l∑
k=1
1∩mj=1{−k+1≥uj>−k}
Rk.
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This combined with (3.2) tells us that the mass on a fixed compact of U of the current
1∩mj=1{−k≥uj>−l}
Rl =
l∑
k′=k
1∩mj=1{−k
′+1≥uj>−k′}Rk
converging to 0 as l ≥ k → ∞. We deduce that limk→∞ 1∩mj=1{uj>−k}Rk exists and is
denoted by R.
Since R,Rk are positive, for every continuous form Φ of compact support in U , we
have 〈R,Φ〉 = limk→∞〈Rk,Φ〉. Let Φ be a Borel form on U such that its coefficients are
bounded on U and SuppΦ ⋐ U . Let K be a compact of U containing SuppΦ and U1 ⊃ K
a relatively compact open subset of U . Let ǫ > 0 be a constant. Let k0 be a positive
integer such that
‖1∩mj=1{−k≥uj>−l}Rl‖U1 ≤ ǫ (3.5)
for every l ≥ k ≥ k0. By Lusin’s theorem, there exists a continuous form Φ
′ compactly
supported on U1 such that
‖1∩mj=1{uj>−k0}Rk0‖{x∈U1:Φ′(x)6=Φ(x)} ≤ ǫ, ‖R‖{x∈U1:Φ′(x)6=Φ(x)} ≤ ǫ. (3.6)
Using (3.5) and (3.6) gives
|〈|1∩mj=1{uj>−k}Rk,Φ〉 − 〈Rk,Φ
′〉| . 2ǫ, |〈R,Φ〉 − 〈R,Φ′〉| . 2ǫ.
This combined with the fact that |〈|1∩mj=1{uj>−k}Rk,Φ
′〉 → 〈R,Φ′〉 gives
∣∣ lim
k→∞
〈|1∩mj=1{uj>−k}Rk,Φ〉 − 〈R,Φ〉
∣∣ . 2ǫ.
Letting ǫ → 0 gives (3.4). For the other equalities, one just needs to apply (3.4) to
suitable Φ. This finishes the proof.
Lemma 3.2. Let Tj = dd
cu˜j + θj for 1 ≤ j ≤ m, where θj is a smooth (1, 1)-form and u˜j is
θj-psh on X. Let
u˜jk := max{u˜j,−k}, R˜k := ∧
m
j=1(dd
cu˜jk + θj) ∧ T.
Then the following two properties hold:
(i) (3.2) holds for every small enough local chart U if and only if we have that for every
compact K of X,
sup
k∈N
‖1∩mj=1{u˜j>−k}R˜k‖K <∞. (3.7)
In this case, if R˜ := limk→∞ 1∩mj=1{u˜j>−k}R˜k, then R˜ = R on U ,
(ii) 1∩mj=1{u˜j>−k}R˜k is a positive current.
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Proof. Firstly observe that R˜k is a current of order 0 and of bounded mass on compact
subsets of X. Let
B˜k := ∩
m
j=1{u˜j > −k}.
Assume now (3.7). This means ‖1B˜kR˜k‖K is uniformly bounded for every compact K.
By Remark 2.10, we have 1B˜kR˜k = 1B˜kR˜l for every l ≥ k. Decompose
B˜l = B˜0 ∪
l
k=1 ∩
m
j=1{−k + 1 ≥ u˜j > −k}
which is a disjoint union. Hence, we get
‖1B˜lR˜l‖ = ‖1B˜0R˜l‖+
l∑
k=1
‖1∩mj=1{−k+1≥u˜j>−k}R˜l‖ = ‖1B˜0R˜0‖+
l∑
k=1
‖1∩mj=1{−k+1≥u˜j>−k}R˜k‖,
where the masses are measured on some compact K in X. We deduce that the condition
‖1B˜kR˜k‖K is uniformly bounded is equivalent to that
‖1∩m
j=1
{−k≥u˜j>−l}R˜l‖K =
l∑
k′=k
‖1∩m
j=1
{−k′+1≥u˜j>−k′}R˜k‖K → 0 (3.8)
as l ≥ k →∞. Hence 1B˜kR˜k converges to a current R˜ and moreover we have
〈R˜,Φ〉 = lim
k→∞
〈1B˜kR˜k,Φ〉
for every Borel bounded form Φ of compact support in X as in the proof of Lemma 3.1.
Consequently, we get
1B˜k
R˜ = 1B˜kR˜k, 1∪mj=1{u˜j=−∞}R˜ = 0. (3.9)
Let U, uj, ujk, R, Rk be as above. We will show that (3.2) is satisfied and R˜ = R on U .
Let
Bk := ∩
m
j=1{uj > −k}.
Observe that uj = u˜j + τj for some smooth function τj on U with dd
cτj = θj . By shrink-
ing U , we can assume that τj is bounded on U and let c0 be an integer greater than∑m
j=1 ‖τj‖L∞. We have
u˜jk + τj = max{u˜j + τj ,−k + τj}
which is equal to max{u˜j + τj,−k} = ujk on the set {u˜j > −k + c0}. It follows that
1B˜k−c0
R˜k = 1B˜k−c0
(
∧mj=1 dd
cujk ∧ T ) = 1B˜k−c0
Rk. (3.10)
This together with the inclusions Bk−2c0 ⊂ B˜k−c0 ⊂ Bk give
1Bk−2c0
Rk−2c0 ≤ 1B˜k−c0
R˜k = 1B˜k−c0
R˜k−c0 ≤ 1BkRk. (3.11)
Hence (3.2) follows. We also deduce from this and (3.9) that R˜ = R. Conversely, if (3.2)
holds for every U , then, by (3.11), the claim (3.7) holds. Hence (i) follows. By (3.10),
we have
1B˜k
R˜k = 1B˜kR˜k+c0 = 1B˜kRk+c0 ≥ 0.
Thus (ii) follows. The proof is finished.
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Lemma 3.2 applied to U in place of X implies that the condition (3.2) is independent
of the choice of uj and so is the limit R above. As a result, if (3.2) holds for every small
enough local chart U as above, then we obtain a positive current R globally defined on
X given locally by (3.3). This current is equal to R˜ by Lemma 3.2 again.
Definition 3.3. We say that the non-pluripolar product relative to T of T1, . . . , Tm is well-
defined if (3.2) holds for every small enough local chart U of X, or equivalently, (3.7)
holds. In this case, the non-pluripolar product relative to T of T1, . . . , Tm, which is denoted
by 〈T1 ∧ · · · ∧ Tm∧˙T 〉, is defined to be the current R˜ in Lemma 3.2.
When T is the current of integration along X, we simply write 〈T1 ∧ · · · ∧ Tm〉 for the
non-pluripolar product relative to T of T1, . . . , Tm. One can see that this is exactly the
usual non-pluripolar product of T1, . . . , Tm defined in [2, 16, 4]. We note that in general
the current 〈T1 ∧ · · · ∧ Tm∧˙T 〉 can have mass on pluripolar sets in ∩
m
j=1{uj > −∞},
see, however, Property (iii) of Proposition 3.5 below. Arguing as in the proof of [4,
Proposition 1.6], we obtain the following result.
Lemma 3.4. Assume that X is a compact Ka¨hler manifold. Then, 〈T1 ∧ · · · ∧ Tm∧˙T 〉 is
well-defined.
For a closed positive (1, 1)-current R, recall that the polar locus IR of R is the set of
points where potentials of R are equal to −∞. Note that by Lemma 3.1, the current
〈T1 ∧ · · · ∧ Tm∧˙T 〉 has no mass on ∪
m
j=1ITj . We collect here some more basic properties of
relative non-pluripolar products.
Proposition 3.5. (i) The product 〈T1∧· · ·∧Tm∧˙T 〉 is symmetric with respect to T1, . . . , Tm.
(ii) Given a positive real number λ, we have 〈(λT1) ∧ T2 ∧ · · · ∧ Tm∧˙T 〉 = λ〈T1 ∧ T2 ∧
· · · ∧ Tm∧˙T 〉.
(iii) Given a complete pluripolar set A such that T has no mass on A, then 〈T1 ∧ T2 ∧
· · · ∧ Tm∧˙T 〉 also has no mass on A.
(iv) Let T ′1 be a closed positive (1, 1)-current on X and Tj , T as above. Assume that
〈∧mj=1Tj∧˙T 〉, 〈T
′
1 ∧ ∧
m
j=2Tj∧˙T 〉 are well-defined. Then 〈(T1 + T
′
1) ∧ ∧
m
j=2Tj∧˙T 〉 is also well-
defined and satisfies
〈
(T1 + T
′
1) ∧ ∧
m
j=2Tj∧˙T
〉
≤ 〈T1 ∧ ∧
m
j=2Tj∧˙T 〉+ 〈T
′
1 ∧ ∧
m
j=2Tj∧˙T 〉. (3.12)
The equality occurs if T has no mass on IT1 ∪ IT ′1 .
(v) Let 1 ≤ l ≤ m be an integer. Let T ′′j be a closed positive (1, 1)-current on X and Tj, T
as above for 1 ≤ j ≤ l. Assume that T ′′j ≥ Tj for every 1 ≤ j ≤ l and T has no mass on
∪lj=1IT ′′j −Tj . Then, we have
〈∧lj=1T
′′
j ∧ ∧
m
j=l+1Tj∧˙T 〉 ≥ 〈∧
m
j=1Tj∧˙T 〉
provided that the left-hand side is well-defined.
(vi) Let 1 ≤ l ≤ m be an integer. Assume R := 〈∧mj=l+1Tj∧˙T 〉 and 〈∧
l
j=1Tj∧˙R〉 are
well-defined. Then, we have 〈∧mj=1Tj∧˙T 〉 = 〈∧
l
j=1Tj∧˙R〉.
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(vii) LetA be a complete pluripolar set. Assume that 〈T1∧T2∧· · ·∧Tm∧˙T 〉 is well-defined.
Then we have
1X\A〈T1 ∧ T2 ∧ · · · ∧ Tm∧˙T 〉 =
〈
T1 ∧ T2 ∧ · · · ∧ Tm∧˙(1X\AT )
〉
.
In particular, the equality
〈∧mj=1Tj∧˙T 〉 = 〈∧
m
j=1Tj∧˙T
′〉
holds, where T ′ := 1X\∪mj=1ITjT .
Proof. Properties (i), (ii) are clear from the definition and the proof of Lemma 3.1. We
now check (iii). Let R := 〈∧mj=1Tj∧˙T 〉. Since T has no mass on the complete pluripolar
set A, using Lemma 2.1 gives 1A ∧
m
j=1 dd
cujk ∧ T = 0 for every k. Using this and Lemma
3.1, we deduce that
1A1∩mj=1{uj>−k}
R = 1A1∩mj=1{uj>−k} ∧
m
j=1 dd
cujk ∧ T = 0.
Hence R = 0 on A and (iii) follows.
We prove (iv). We work on a small local chart U . Write T ′j = dd
cu′j, u
′
jk := max{u
′
j,−k}.
Recall Tj = dd
cuj. We can assume uj, u
′
j ≤ 0. Let R
′ := 〈T ′1 ∧ ∧
m
j=2Tj∧˙T 〉 and R
′′ :=
〈(T1 + T
′
1) ∧ ∧
m
j=2Tj∧˙T 〉. We have
max{u1 + u
′
1,−k} = u1k + u
′
1k
on {u1 + u
′
1 > −k} because the last set is contained in {u1 > −k} ∩ {u
′
1 > −k}. This
combined with Lemma 3.1 yields
1B′′
k
R′′ = 1B′′
k
R + 1B′′
k
R′,
where B′′k := {u1 + u
′
1 > −k} ∩ ∩
m
j=2{uj > −k}. Letting k → ∞ in the last equality gives
(3.12). Observe that
1U\B′′
k
R→ 1IT1∪IT ′
1
∪∪mj=2ITj
R
as k → ∞. The last limit is equal to 1IT ′
1
R because R has no mass on ∪mj=1ITj . Moreover
since IT ′
1
is complete pluripolar and T has no mass on IT ′
1
, by (iii), we have that 1IT ′
1
R = 0.
Consequently, 1U\B′′
k
R → 0 as k → ∞ and a similar property of R′ also holds. Thus we
obtain the equality in (3.12) if T has no mass on IT1 ∪ IT ′1 . To get (v), we just need to
decompose T ′′j = Tj + T
′
j for some closed positive current T
′
j and use similar arguments
as in the proof of (iv).
We prove (vi). We can assume uj ≤ 0 for every 1 ≤ j ≤ m. Let
ψk := k
−1max
{ m∑
j=1
uj,−k
}
+ 1.
Observe that 0 ≤ ψk ≤ 1 and
ψk = 0 on ∪
m
j=1 {uj ≤ −k}.
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Note that R has no mass on ITj for l + 1 ≤ j ≤ m. This combined with (iii) yields
that 〈∧lj=1Tj∧˙R〉 gives no mass on ITj for 1 ≤ j ≤ m. Using this and the fact that
ψk ր 1X\∪mj=1ITj yields
〈∧lj=1Tj∧˙R〉 = lim
k→∞
ψk〈∧
l
j=1Tj∧˙R〉 = lim
k→∞
ψk ∧
l
j=1 dd
cujk ∧ R. (3.13)
Now since ψkR = ψk ∧
m
j=l+1 dd
cujk ∧ T (Lemma 3.1), we get
ψk ∧
l
j=1 dd
cujk ∧ R = ψk ∧
m
j=1 dd
cujk ∧ T. (3.14)
To see why the last equality is true, notice that it is clear if ujk’s are smooth and in
general, we can use sequences of smooth psh functions decreasing to ujk for 1 ≤ j ≤ l
and the convergences of Monge-Ampe`re operators to obtain (3.14). Combining (3.14)
with (3.13) gives the desired assertion.
It remains to prove (vii). Let ψk be as above. Let A = {ϕ = −∞}, where ϕ is a
negative psh function. Define ψ′k := k
−1max
{
ϕ +
∑m
j=1 uj,−k
}
+ 1. Since 0 ≤ ψ′k ≤ ψk,
we get {ψk = 0} ⊂ {ψ
′
k = 0}. It follows that
ψ′k〈T1 ∧ T2 ∧ · · · ∧ Tm∧˙T 〉 = ψ
′
k ∧
m
j=1 dd
cujk ∧ T = ψ
′
k ∧
m
j=1 dd
cujk ∧ (1X\AT )
because T = 1X\AT on {ψ
′
k 6= 0} and the convergence of Monge-Ampe`re operators.
Letting k →∞ gives the desired assertion. The proof is finished.
The following result clarifies the relationship between the relative non-pluripolar
product and some other known notions of intersection.
Proposition 3.6. (i) Let U, uj, ujk, Rk be as above. Assume that uj is locally integrable with
respect to Tj+1∧· · ·∧Tm∧T for 1 ≤ j ≤ m and for every bounded psh function v, the current
vRk converges to v T1 ∧ · · · ∧ Tm ∧ T on U as k →∞. Then, the current 〈T1 ∧ · · · ∧ Tm∧˙T 〉
is well-defined on U and
〈T1 ∧ · · · ∧ Tm∧˙T 〉 = 1X\∪mj=1ITjT1 ∧ · · · ∧ Tm ∧ T. (3.15)
In particular, if u1, . . . , um−1 are locally bounded and um is locally integrable with respect to
T , then we have
〈T1 ∧ · · · ∧ Tm∧˙T 〉 = 1X\ITmT1 ∧ · · · ∧ Tm ∧ T. (3.16)
(ii) If T is of bi-degree (1, 1), then we have
〈T1 ∧ · · · ∧ Tm ∧ T 〉 = 1X\IT 〈T1 ∧ · · · ∧ Tm∧˙T 〉, (3.17)
where the left-hand side is the usual non-pluripolar product of T1, . . . , Tm, T .
We note that in the above (i), the current Tj ∧ · · · ∧ Tm ∧ T (1 ≤ j ≤ m) is defined
inductively as in the classical case (see [1]). The assumption of (i) of Proposition 3.6
is satisfied in well-known classical contexts, we refer to [15] and references therein for
details. We notice also that by (vii) of Proposition 3.5, the right-hand side of (3.17) is
equal to
〈
T1 ∧ · · · ∧ Tm∧˙(1X\ITT )
〉
.
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Proof. We prove (i). The question is local. Hence, we can assume uj ≤ 0 for every j. Let
ψk := k
−1max{
∑m
j=1 uj,−k}+ 1. By hypothesis, we get
ψkRr → ψkT1 ∧ · · · ∧ Tm ∧ T (3.18)
as r → ∞. Since ψk = 0 on {uj ≤ −k} and ujr = ujk on {uj > −k} for r ≥ k, using
Theorem 2.9, we infer that ψkRr = ψkRk. Consequently, the mass ψkRk on compact
subsets of U is bounded uniformly in k. Hence, 〈T1 ∧ · · · ∧ Tm∧˙T 〉 is well-defined on U .
The above arguments also show that
ψkRr = ψkRk = ψk1∩mj=1{uj>−k}Rr = ψk1∩mj=1{uj>−k}〈T1 ∧ · · · ∧ Tm∧˙T 〉
which is equal to ψk〈T1∧· · ·∧Tm∧˙T 〉. Letting r →∞ in the last equality and using (3.18)
give
ψk T1 ∧ · · · ∧ Tm ∧ T = ψk〈T1 ∧ · · · ∧ Tm∧˙T 〉.
Letting k → ∞ gives (3.15). To obtain (3.16), we just need to combine (3.15) with
Theorem 2.2.
It remain to check (ii). We work locally. Let u be a local potential of T and u ≤ 0. Let
uk := max{u,−k} and ψ
′
k := k
−1max{u+
∑m
j=1 uj,−k}+ 1. Note that
ψ′k〈T1 ∧ · · · ∧ Tm ∧ T 〉 = ψ
′
k ∧
m
j=1 dd
cujk ∧ dd
cuk.
Since {ψk = 0} ⊂ {ψ
′
k = 0} (ψk ≥ ψ
′
k ≥ 0), we have
ψ′k〈T1 ∧ · · · ∧ Tm∧˙T 〉 = ψ
′
kRk = ψ
′
k ∧
m
j=1 dd
cujk ∧ dd
cu
= ψ′k1{u>−k} ∧
m
j=1 dd
cujk ∧ dd
cu
= ψ′k1{u>−k} ∧
m
j=1 dd
cujk ∧ dd
cuk
(one can obtain the last equality as a consequence of (3.16) applied to the case where T
is the current of integration along X or alternatively we can use Theorem 2.2 directly).
Letting k →∞ in the last equality gives (3.17). This finishes the proof.
As in the case of the usual non-pluripolar products, the relative non-pluripolar prod-
ucts, if well-defined, are closed positive currents as showed by the following result.
Theorem 3.7. Assume that 〈T1 ∧ · · · ∧ Tm∧˙T 〉 is well-defined. Then 〈T1 ∧ · · · ∧ Tm∧˙T 〉 is
closed.
Proof. The proof is based on ideas from [20, 4]. We work on a local chart U as above.
By shrinking U and subtracting from uj a suitable constant, we can assume that uj ≤ 0.
Let
ψk := k
−1max{
m∑
j=1
uj,−k} + 1.
Observe that ψk = 0 on ∪
m
j=1{uj ≤ −k} and 0 ≤ ψk ≤ 1 increases to 1∩mj=1{uj>−∞}. Let
g : R → R be a non-negative smooth function such that g(0) = g′(0) = g′(1) = 0 and
g(1) = 1. Let Rk, R be as above. Since g(1) = 1 and g(0) = 0, we get g(ψk)R → R
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as k → ∞ (recall R has no mass on ∪mj=1{uj = −∞}). Thus the desired assertion is
equivalent to proving that
dR = lim
k→∞
d(g(ψk)R) = 0. (3.19)
Since g(ψk) = g(0) = 0 on ∪
m
j=1{uj ≤ −k}, we have
d(g(ψk)R) = d(g(ψk)Rk) = g
′(ψk)dψk ∧Rk
(see [4, Lemma 1.9] or Corollary 2.5 for the second equality). Let U1 ⋐ U2 be relatively
compact open subsets of U . By the Cauchy-Schwarz inequality, we have
‖g′(ψk)dψk ∧ Rk‖U1 . ‖dψk ∧ d
cψk ∧Rk‖U1‖g
′(ψk)
2Rk‖U1 .
Using dψk ∧ d
cψk = dd
cψ2k − ψkdd
cψk and the Chern-Levine-Nirenberg inequality, one get
‖dψk ∧ d
cψk ∧Rk‖U1 . ‖ψkRk‖U2 ≤ ‖Rk‖U2∩∩mj=1{uj>−k} . 1
by (3.2). On the other hand, using the equality g′(ψk) = g
′(0) = 0 on {uj ≤ −k}, we
obtain
g′(ψk)
2Rk = g
′(ψk)
2
1∩mj=1{uj>−k}
Rk = g
′(ψk)
2R
converging to 0 as k → ∞ because g′(ψk) → g
′(1) = 0 on ∩mj=1{uj > −∞}. Thus (3.19)
follows. This finishes the proof.
Remark 3.8. Let V be a smooth submanifold of X and T the current of integration along
V . If V ⊂ ∪mj=1ITj , then we know that the non-pluripolar product relative to T of T1, . . . , Tm
is zero. Consider now the case where V 6⊂ ∪mj=1ITj . In this case we can define a current
T ′j which can be viewed as the intersection of Tj and T as follows. Let u1, . . . , um be local
potentials of T1, . . . , Tm respectively. Let T
′
j := dd
c(uj|V ) for 1 ≤ j ≤ m. One can see that T
′
j
is independent of the choice of uj, hence, T
′
j is a well-defined closed positive (1, 1)-current on
V . Let ι : V →֒ X be the natural inclusion. We can check that 〈∧mj=1Tj∧˙T 〉 is equal to the
pushforward by ι of 〈∧mj=1T
′
j〉.
4 Monotonicity
In this section, we present a monotonicity property for relative non-pluripolar products.
We begin with the following simple lemma.
Lemma 4.1. Let U be an open subset of Cn. Let (ulj)l be a sequence of psh functions on U
and uj a psh function on U for 1 ≤ j ≤ m. Let (Tl)l be a sequence of closed positive currents
satisfying Condition (∗) and Tl converges to a closed positive current T on U as l → ∞.
Assume that one of the following conditions is satisfied:
(i) ulj ≥ uj and u
l
j converges to uj in L
1
loc as l →∞.
(ii) ulj increases to uj as l → ∞ almost everywhere and T has no mass on pluripolar
sets.
Then, for every smooth weakly positive form Φ with compact support in U , we have
lim inf
l→∞
∫
U
〈∧mj=1dd
culj∧˙Tl〉 ∧ Φ ≥
∫
U
〈∧mj=1dd
cuj∧˙T 〉 ∧ Φ.
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When T is the current of integration along X, a related statement in the compact
setting was given in [8, Theorem 2.3].
Proof. Let Φ be a smooth weakly positive form with compact support in U . Assume (i)
holds. Let uljk := max{u
l
j,−k} which converges to ujk := max{uj,−k} in L
1
loc as l → ∞
and uljk ≥ ujk. Put
Rl := 〈∧mj=1dd
culj∧˙Tl〉, R
l
k := ∧
m
j=1dd
culjk ∧ T.
Similarly, we defineR,Rk by using the formula ofR
l, Rlk respectively with u
l
j, u
l
jk replaced
by uj, ujk. Since u
l
j ≥ uj, we get
∫
U
1∩mj=1{u
l
j>−k}
Rlk ∧ Φ ≥
∫
U
1∩mj=1{uj>−k}
Rlk ∧ Φ. (4.1)
By Theorem 2.6, we get Rlk → Rk as l →∞. Using this together with the fact that when
k is fixed, uljk is uniformly bounded in l, we see that the strong uniform quasi-continuity
for ujk with respect to (Tl)l (see Theorem 2.4) implies
lim inf
l→∞
∫
U
1∩mj=1{uj>−k}
Rlk ∧ Φ = lim inf
l→∞
∫
U
1∩mj=1{ujk>−k}
Rlk ∧ Φ
≥
∫
U
1∩mj=1{ujk>−k}
Rk ∧ Φ =
∫
U
1∩mj=1{uj>−k}
Rk ∧ Φ
=
∫
U
1∩m
j=1
{uj>−k}R ∧ Φ.
This combined with (4.1) yields
∫
U
1∩mj=1{uj>−k}
R ∧ Φ ≤ lim inf
l→∞
∫
U
1∩mj=1{u
l
j>−k}
Rlk ∧ Φ
≤ lim inf
l→∞
∫
U
1∩mj=1{u
l
j>−k}
Rl ∧ Φ ≤ lim inf
l→∞
∫
U
Rl ∧ Φ
for every k. Letting k → ∞ in the last inequality and noticing that R has no mass on
∪mj=1{uj = −∞} give the desired assertion.
Now assume (ii). Note that
ulj ≤ u
l+1
j ≤ uj
for every l, j. Thus, {ulj > −k} ⊂ {u
l+1
j > −k} ⊂ {uj > −k} and u˜j := liml→∞ u
l
j ≤ uj.
Using this and arguments similar to those in the previous paragraph, we have
lim inf
l→∞
∫
U
1∩mj=1{u
l
j>−k}
Rlk ∧ Φ ≥
∫
U
1∩mj=1{u˜j>−k}
R ∧ Φ.
Letting k →∞ gives
lim inf
l→∞
∫
U
Rl ∧ Φ ≥
∫
U
1∩mj=1{u˜j>−∞}
R ∧ Φ.
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Recall that {uj > u˜j} is pluripolar. This coupled with the fact that T has no mass on
pluripolar sets and Property (iii) of Proposition 3.5 yields
lim inf
l→∞
∫
U
Rl ∧ Φ ≥
∫
U
1∩mj=1{uj>−∞}
R ∧ Φ =
∫
U
R ∧ Φ.
This finishes the proof.
Recall that for closed positive (1, 1)-currents R1, R2 on X, we say that R1 is less sin-
gular than R2 if for every local chart U and psh function wj on U such that Rj = dd
cwj
on U for j = 1, 2, then w2 ≤ w1 + O(1) on compact subsets of U ; and R1, R2 are of the
same singularity type if w1 ≤ w2+O(1) and w2 ≤ w1+O(1) on compact subsets of U . The
following generalizes [8, Proposition 2.1], see also [21, 18].
Proposition 4.2. LetX be a compact complex manifold of dimension n. Letm be an integer
such that 1 ≤ m ≤ n. Let T be a closed positive current of bi-degree (p, p) on X. Let Tj , T
′
j
be closed positive (1, 1)-currents on X for 1 ≤ j ≤ m such that Tj , T
′
j are of the same
singularity type and Tj = dd
cuj + θj , T
′
j := dd
cu′j + θj , where θj is a smooth form and
u′j, uj are θj-psh functions, for every 1 ≤ j ≤ m. Assume that for every J, J
′ ⊂ {1, . . . , m}
such that J ∩ J ′ = ∅, the product 〈∧j∈JTj ∧ ∧j′∈J ′T
′
j′∧˙T 〉 is well-defined. Then, for every
ddc-closed smooth form Φ, we have
∫
X
〈T ′1 ∧ · · · ∧ T
′
m∧˙T 〉 ∧ Φ =
∫
X
〈T1 ∧ · · · ∧ Tm∧˙T 〉 ∧ Φ. (4.2)
Proof. By compactness of X, we can assume uj, u
′
j ≤ 0. By the hypothesis, {uj = −∞} =
{u′j = −∞} and wj := uj −u
′
j is bounded outside {uj = −∞}. Without loss of generality,
we can assume that
|wj| ≤ 1 (4.3)
outside {uj = −∞}. Let A := ∪
m
j=1{uj = −∞} which is a complete pluripolar set. Put
ujk := max{uj,−k}, u
′
jk := max{u
′
j,−k} and
ψk := k
−1max{
n∑
j=1
(uj + u
′
j),−k}+ 1 (4.4)
which is quasi-psh and 0 ≤ ψk ≤ 1, ψk(x) increases to 1 for x 6∈ A. We have ψk(x) = 0 if
uj(x) ≤ −k or u
′
j(x) ≤ −k for some j. Put wjk := ujk − u
′
jk. By (4.3), we have
|wjk| ≤ 1 (4.5)
on X. Let J, J ′ ⊂ {1, . . . , n} with J ∩ J ′ = ∅ and
RJJ ′k := ∧j∈J(dd
cujk + θj) ∧ ∧j′∈J ′(dd
cu′j′k + θj′) ∧ T.
The last current is the difference of two closed positive (|J | + |J ′| + p, |J | + |J ′| + p)-
currents. Hence, RJJ ′k might not be positive in general and it is not clear how to control
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its mass as k →∞. This is a subtle point which we need to pay attention to. The relative
non-pluripolar product
RJJ ′ :=
〈
∧j∈J (dd
cuj + θj) ∧ ∧j′∈J ′(dd
cu′j′ + θj′)∧˙T
〉
exists by our assumption. Let
Bk := ∩j∈J{uj > −k} ∩ ∩j′∈J ′{u
′
j′ > −k}.
By Lemma 3.2, we get
0 ≤ 1BkRJJ ′ = 1BkRJJ ′k
for every J, J ′, k. Put R˜JJ ′ := 1X\ARJJ ′. The last current is closed (for example see [4,
Remark 1.10]) and positive because RJJ ′ ≥ 0. Using the fact that {ψk 6= 0} ⊂ Bk\A, we
get
ψkR˜JJ ′ = ψkRJJ ′ = ψkRJJ ′k. (4.6)
Claim. Let j′′ ∈ {1, . . . , m}\(J∪J ′). Let Φ be ddc-closed smooth form of bi-degree (p′, p′)
on X, where p′ := n− |J | − |J ′| − p− 1. Then
lim
k→∞
∫
X
ψkdd
cwj′′k ∧ RJJ ′k ∧ Φ = 0. (4.7)
We prove Claim. Let ω be a Hermitian metric on X. Let η :=
∑m
j=1 2 θj. We have
ddcψk + k
−1η ≥ 0 for every k. By integration by parts and (4.6),
∫
X
ψkdd
cwj′′k ∧RJJ ′k ∧ Φ =
∫
X
wj′′kdd
c(ψkRJJ ′k ∧ Φ) =
∫
X
wj′′kdd
c(ψkR˜JJ ′ ∧ Φ). (4.8)
Observe that
ddc(ψkR˜JJ ′ ∧ Φ) = dd
cψk ∧ Φ ∧ R˜JJ ′ + 2dψk ∧ d
cΦ ∧ R˜JJ ′
because ddcΦ = 0 and Φ is of bi-degree (p′, p′). Write dcΦ locally as a complex linear
combination of forms like τj ∧ Φj , where τj is a (0, 1)-form or a (1, 0)-form and Φj is a
positive form. Hence, we can use the Cauchy-Schwarz inequality to obtain
∣∣∣∣
∫
X
wj′′k dψk ∧ d
cΦ ∧ R˜JJ ′
∣∣∣∣ ≤
(∫
X
|w2j′′k|dψk ∧ d
cψk ∧ R˜JJ ′ ∧ Φ0
) 1
2
(∫
X
R˜JJ ′ ∧ Φ0 ∧ ω
)1
2
,
where Φ0 := ω
n−|J |−|J ′|−1. We deduce that
∣∣∣∣
∫
X
wj′′k dψk ∧ d
cΦ ∧ R˜JJ ′
∣∣∣∣ . ‖R˜JJ ′‖ 12
(∫
X
dψk ∧ d
cψk ∧ R˜JJ ′ ∧ Φ0
) 1
2
by (4.5). Recall that {limk→∞ ψk < 1} is equal to the complete pluripolar set A. Using
this, Remark 2.7 and the fact that R˜JJ ′ has no mass on A, we get
lim
k→∞
dψk ∧ d
cψk ∧ R˜JJ ′ = lim
k→∞
(ddcψ2k − ψkdd
cψk) ∧ R˜JJ ′ = 0
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(we recall that to get Remark 2.7 for R˜JJ ′ and ψk, we need to use the strong quasi-
continuity of ψk with respect to the capacity associated to R˜JJ ′). Thus we obtain
lim
k→∞
∫
X
wj′′k dψk ∧ d
cΦ ∧ R˜JJ ′ = 0. (4.9)
On the other hand, since∫
X
wj′′kdd
cψk ∧ Φ ∧ R˜JJ ′ = −
∫
X
dwj′′k ∧ d
cψk ∧ Φ ∧ R˜JJ ′ +
∫
X
wj′′kd
cψk ∧ dΦ ∧ R˜JJ ′,
using similar arguments, we get
lim
k′→∞
∣∣∣∣
∫
X
wj′′kdd
cψk ∧ Φ ∧ R˜JJ ′
∣∣∣∣ = 0
Combining this with (4.9) and (4.8) yields (4.7). Claim follows.
Now let S := 〈T1 ∧ · · ·Tn∧˙T 〉 − 〈T
′
1 ∧ · · ·T
′
n∧˙T 〉. Using Tjk = T
′
jk + dd
cwjk, one can
check that ∫
X
ψkS ∧ Φ =
∫
X
ψk ∧
m
j=1 Tjk ∧ T ∧ Φ−
∫
X
ψk ∧
m
j=1 T
′
jk ∧ T ∧ Φ
=
m∑
s=1
∫
X
ψk ∧
s−1
j=1 T
′
jk ∧ dd
cwsk ∧ ∧
m
j=s+1Tjk ∧ T ∧ Φ.
This together with Claim yields 〈S,Φ〉 = limk→∞〈ψkS,Φ〉 = 0 for every dd
c-closed smooth
Φ. This finishes the proof.
Remark 4.3. Our proof of Proposition 4.2 still works if T ′j , Tj are not in the same cohomol-
ogy class. In this case, one just needs to modify (4.2) accordingly.
The following result is the monotonicity property of relative non-pluripolar products
mentioned in Introduction.
Theorem 4.4. Let X be a compact Ka¨hler manifold of dimension n. Let Tj , T
′
j be closed
positive (1, 1)-currents on X for 1 ≤ j ≤ m such that Tj , T
′
j are in the same cohomology
class for every j and T ′j is less singular than Tj for 1 ≤ j ≤ m. Let T be a closed positive
current on X. Then, we have
{
〈T1 ∧ · · · ∧ Tm∧˙T 〉
}
≤
{
〈T ′1 ∧ · · · ∧ T
′
m∧˙T 〉
}
. (4.10)
Proof. Write Tj = dd
cuj + θj , T
′
j = dd
cu′j + θj . Without loss of generality, we can assume
that u′j ≥ uj. For l ∈ N, put u
l
j := max{uj, u
′
j − l} which is of the same singularity type as
u′j. Notice that dd
culj + θj ≥ 0. Since X is Ka¨hler, the current 〈∧
m
j=1(dd
culj + θj)∧˙T 〉 is of
mass uniformly bounded in l. Let S be a limit current of 〈∧mj=1(dd
culj + θj)∧˙T 〉 as l →∞.
Since ulj decreases to uj as l →∞, we can apply Lemma 4.1 to get
S ≥ 〈∧mj=1Tj∧˙T 〉.
Consequently, {S} ≥ {〈∧mj=1Tj∧˙T 〉}. Using Proposition 4.2, we see that {S} is equal to
{〈∧mj=1T
′
j∧˙T 〉}. The desired assertion, hence, follows. This finishes the proof.
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Remark 4.5. Let the notation be as in Theorem 4.4. Let T be of bi-degree (1, 1) and T ′ a
closed positive (1, 1)-current which is less singular than T . Then, by using arguments similar
to those in the proof of Theorem 4.4, we can prove that
{
〈T1 ∧ · · · ∧ Tm∧˙T 〉
}
≤
{
〈T ′1 ∧ · · · ∧ T
′
m∧˙T
′〉
}
(4.11)
(here we need to use Lemma 4.1 for a suitable sequence (Tl)l provided by Theorem 2.2). The
inequality (4.11) offers us a way to define a notion of full mass intersection when T is of
bi-degree (1, 1). This notion differs from those used below and in [4], albeit all of them are
closely related. We will not go into details in this paper.
Consider, from now on, a compact Ka¨hler manifold X with a Ka¨hler form ω. Let T
be a closed positive (p, p)-current on X. For every pseudoeffective (1, 1)-class β in X, we
define its polar locus Iβ to be that of a current with minimal singularities in β. This is
independent of the choice of a current with minimal singularities.
Let α1, . . . , αm be pseudoeffective (1, 1)-classes of X. Let T1,min, . . . , Tm,min be currents
with minimal singularities in the classes α1, . . . , αm respectively. By Theorem 4.4 and
Lemma 3.4, the class {〈T1,min ∧ · · · ∧ Tm,min∧˙T 〉} is a well-defined pseudoeffective class
which is independent of the choice of Tj,min. We denote the last class by {〈α1 ∧ · · · ∧
αm∧˙T 〉}.
Proposition 4.6. (i) The product {〈∧mj=1αj∧˙T 〉} is symmetric and homogeneous in α1,
. . . , αm.
(ii) Let α′1 are a pseudoeffective (1, 1)-class. Assume that T has no mass on Iα1 ∪ Iα′1 .
Then, we have
{〈(α1 + α
′
1) ∧ ∧
m
j=2αj∧˙T 〉} ≥ {〈∧
m
j=1αj ∧ T 〉}+ {〈α
′
1 ∧ ∧
m
j=2αj∧˙T 〉}.
(iii) Let 1 ≤ l ≤ m be an integer. Let α′′1, . . . , α
′′
l be a pseudoeffective (1, 1)-class such
that α′′j ≥ αj for 1 ≤ j ≤ l. Assume that T has no mass on Iα′′j−αj for every 1 ≤ j ≤ l. Then,
we have
{〈∧lj=1α
′′
j ∧ ∧
m
j=l+1αj∧˙T 〉} ≥ {〈∧
m
j=1αj∧˙T 〉}.
(iv) If T has no mass on proper analytic subsets on X, then the product {〈∧mj=1αj∧˙T 〉}
is continuous on the set of (α1, . . . , αm) such that α1, . . . , αm are big.
(v) If T has no mass on proper analytic subsets on X and α1, . . . , αm are big nef, then
we have
{〈∧mj=1αj∧˙T 〉} = ∧
m
j=1αj ∧ {T}.
We refer to [5, 4] for related statements in the case where T is the current of integra-
tion along X.
Proof. The desired assertion (i) follows from Proposition 3.5. We now prove (ii). Let
Tmin,αj , Tmin,α′j be currents with minimal singularities in αj , α
′
j respectively. Observe that
Tmin,αj + Tmin,α′j are in (αj + α
′
j). Thus, by Theorem 4.4, we get
{〈(α1 + α
′
1) ∧ ∧
m
j=2αj∧˙T 〉} ≥ {〈(Tmin,α1 + Tmin,α′1) ∧ ∧
m
j=2Tmin,αj ∧˙T 〉}.
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The last class is equal to {〈∧mj=1Tmin,αj ∧˙T 〉} + {〈Tmin,α′1 ∧ ∧
m
j=2Tmin,αj ∧˙T 〉} because of the
hypothesis and Property (iv) of Proposition 3.5. Hence, (ii) follows. Similarly, we get
(iii) by using Property (v) of Proposition 3.5.
We prove (iv). Observe that by a result of Demailly on analytic approximation of
currents ([11]), the polar locus Iβ of a big class β is contained in a proper analytic subset
of X if α is big. Using this, we see that (iv) is a direct consequence of (iii) and the
observation that given a constant ǫ > 0, for every α′j closed enough to αj, we have that
the classes α′j − (1− ǫ)αj and (1 + ǫ)αj − α
′
j are big (we use here the bigness of αj).
It remains to check (v). By (iv) and the bigness of αj , we get
lim
ǫ→0
{〈∧mj=1(αj + ǫ{ω})∧˙T 〉} = {〈∧
m
j=1αj∧˙T 〉}.
Since αj is nef, the limit in the left-hand side of the last equality is equal to ∧
m
j=1αj ∧{T}.
The proof is finished.
When T is the current of integration along X, we write 〈α1∧ · · ·∧αm〉 for {〈α1∧ · · ·∧
αm∧˙T 〉}. We would like to comment that the class 〈α1 ∧ · · · ∧ αm〉 is always bounded
from above by the positive product of α1, . . . , αm defined in [4, Definition 1.17]. They
are equal if α1, . . . , αm are big by Property (iv) of Proposition 4.6. However, we don’t
know if they are equal in general, even if α1, . . . , αm are nef.
Question 4.7. Given nef classes α1, . . . , αm, is 〈α1 ∧ · · · ∧ αm〉 defined above equal to the
positive product of α1, . . . , αm introduced in [4]?
Let T1, . . . , Tm be closed positive (1, 1)-currents on X. By Theorem 4.4, we have
{〈∧mj=1Tj∧˙T 〉} ≤ {〈∧
m
j=1{Tj}∧˙T 〉}. The equality occurs if the masses of these two classes
are equal. This is the reason for the following definition.
Definition 4.8. We say that T1, . . . , Tm are of full mass (non-pluripolar) intersection rel-
ative to T if we have {〈∧mj=1Tj∧˙T 〉} = {〈∧
m
j=1{Tj}∧˙T 〉}.
When T is the current of integration along X, we simply say “full mass intersection”
instead of “full mass intersection relative to T ”. In the last case, we underline that this
notion is the one given in [4] if {T1}, . . . , {Tm} are big. In general, if T1, . . . , Tm are of
full mass intersection in the sense of [4], then they are so in the sense of Definition 4.8.
However, we don’t know whether the reversed statement holds.
Let E(α1, . . . , αm, T ) be the set of (T1, . . . , Tm) such that Tj ∈ αj for 1 ≤ j ≤ m and
{〈∧mj=1Tj∧˙T 〉} = {〈∧
m
j=1αj∧˙T 〉},
or equivalently ∫
X
〈∧mj=1Tj∧˙T 〉 ∧ ω
n−m−p =
∫
X
〈∧mj=1αj∧˙T 〉 ∧ ω
n−m−p.
Several less general versions of full mass intersections were introduced in [16, 4, 8].
Note that if Tj = dd
cuj + θj for some smooth Ka¨hler form θj and uj a θj-psh function for
every j, then T1, . . . , Tm are of full mass intersection relative to T if and only if∫
∪mj=1{uj≤−k}
∧mj=1Tjk ∧ T ∧ ω
n−m−p → 0 (4.12)
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as k →∞, where Tjk := dd
cmax{uj,−k}+ θj for 1 ≤ j ≤ m.
The following result tells us that currents with full mass intersection satisfy the con-
vergence along decreasing or increasing sequences of potentials.
Theorem 4.9. Let X be a compact Ka¨hler manifold of dimension n. Let Tjl be a closed
positive (1, 1)-current for 1 ≤ j ≤ m, l ∈ N such that Tjl converges to Tj as l → ∞. Let
(Us)s be a finite covering of X by open subsets such that Tjl = dd
cujl,s, Tj = dd
cuj,s on Us
for every s. Assume that
(i) T1, . . . , Tm are of full mass intersection relative to T ,
(ii) {〈∧mj=1αjl∧˙T 〉} converges to {〈∧
m
j=1αj∧˙T 〉} as l →∞, where αjl := {Tjl}, α := {Tj}
and one of the following two conditions hold:
(iii) ujl,s ≥ uj,s and ujl,s converges to uj,s in L
1
loc as l →∞,
(iii′) ujl,s increases to uj,s as l→∞ almost everywhere and T has no mass on pluripolar
sets.
Then we have
〈T1l ∧ · · · ∧ Tml∧˙T 〉 → 〈T1 ∧ · · · ∧ Tm∧˙T 〉
as l →∞.
Proof. Observe that 〈∧mj=1Tjl∧˙T 〉 is of uniformly bounded mass in l by (ii). Let S be a
limit current of 〈∧mj=1Tjl∧˙T 〉 as l → ∞. By (ii) again, we get {S} ≤ {〈∧
m
j=1αj∧˙T 〉}. By
Lemma 4.1 and Condition (iii) or (iii′), we have
S ≥ 〈∧mj=1Tj∧˙T 〉.
By (i), the current in the right-hand side is of mass equal to 〈∧mj=1αj∧˙T 〉 which is greater
than or equal to the mass of S. So we get the equality S = 〈∧mj=1Tj∧˙T 〉. The proof is
finished.
Note that we don’t require that T1l, . . . , Tml are of full mass intersection relative to T .
However, if Tjl, Tj are in the same cohomology class for every j, l, then by Theorem 4.4,
Conditions (iii) and (i) of Theorem 4.9 imply that T1l, . . . , Tml are of full mass intersec-
tion relative to T for every l. We notice here certain similarity of this result with [13,
Propsition 5.4], where a notion of full mass intersection was considered for intersections
of currents with analytic sets.
Here are some basic properties of currents with relative full mass intersection.
Lemma 4.10. Let X be a compact Ka¨hler manifold. Let T1, . . . , Tm, T be closed positive
currents on X such that Tj is of bi-degree (1, 1) and the cohomology class of Tj is Ka¨hler
for every j. Then, if T1, . . . , Tm are of full mass intersection relative to T , then the following
three properties hold.
(i) T has no mass on ∪mj=1ITj .
(ii) Let T ′j be closed positive (1, 1)-currents whose cohomology class are Ka¨hler for 1 ≤
j ≤ m such that T ′j is less singular than Tj for 1 ≤ j ≤ m. Then T
′
1, . . . , T
′
m are of full mass
intersection relative to T .
(iii) For every subset J = {j1, . . . , jm′} ⊂ {1, . . . , m}, the currents Tj1, . . . , Tjm′ are of
full mass intersection relative to T . Moreover, if T is the current of integration along X,
then Tj has no mass on ITj for 1 ≤ j ≤ m.
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Moreover, we have
(iv) T1, . . . , Tm are of full mass intersection relative to T if and only if T1+Cω, . . . , Tm+
Cω are of full mass intersection relative to T for every constant C > 0.
Proof. The desired property (i) is a direct consequence of (vii) of Proposition 3.5 and
the fact that {Tj} is Ka¨hler for every j. Note that if {T
′
j} = {Tj} for every j, then (ii) is
a direct consequence of the monotonicity of relative non-pluripolar products (Theorem
4.4). The first claim of the desired property (iii) is deduced from the last assertion applies
to T ′j := Tj for j ∈ J and T
′
j := θj for j 6∈ J , where θj is a smooth Ka¨hler form in the class
{Tj}. In particular, we have {〈Tj〉} = {Tj}. Recall that 〈Tj〉 = 1X\ITjTj (Proposition 3.6).
Hence,
‖〈Tj〉‖+ ‖1ITjTj‖ = ‖Tj‖.
It follows that 1ITjTj = 0 or equivalently, Tj has no mass on ITj . Hence (iii) follows.
Now observe that (iv) is a direct consequence of (iii), Property (iv) of Proposition
3.5 and (i). Finally, when {T ′j} 6= {Tj}, Property (iv) allows us to add to Tj , T
′
j suitable
Ka¨hler forms such that they are in the same cohomology class. So (ii) follows. The proof
is finished.
In the last part of this section, we study Lelong numbers of currents of relative full
mass intersection.
Lemma 4.11. Let u be a quasi-psh function on X. Let V be an analytic subset of X. Let
v be a quasi-psh function on X with analytic singularities along V . Assume that for every
x ∈ V , we have ν(u, x) > 0. Then there exists a constant c > 0 such that u ≤ cv + O(1) on
X.
Recall that v is said to have analytic singularities along V if locally v = c log
∑l
j=1 |fj|+
w, where c > 0 is a constant, fj is holomorphic for every j such that V is locally equal
to {fj = 0 : 1 ≤ j ≤ l}, and w is a bounded Borel function, see [11, Definition 1.10].
Moreover, given an analytic set V in X, there always exists a quasi-psh function v having
analytic singularities along V . We can construct such a function by using a partition of
unity and local generators defining V , see [12, Lemma 2.1].
Proof. We can assume that u, v are ω-psh functions. Put T := ddcu + ω. Note that
by hypothesis and Siu’s semi-continuity theorem, there is a constant c0 > 0 such that
ν(u, x) ≥ c0 > 0 for every x ∈ V and ν(u, x) = c0 for generic x in V . Consider first
the case where V is of codimension 1. Thus 1V T = c0[V ] is a non-zero positive current
([11, Lemma 2.17]) and c1v1 + O(1) ≤ v ≤ c1v1 + O(1) for some constant c1 > 0, where
v1 is a potential of [V ]. Since T ≥ 1V T = c0[V ], we get u ≤ c0v1 + O(1) on X. Thus
u ≤ (c0/c1) v +O(1) on X.
Consider now codimV ≥ 2. By desingularizing V , we obtain a compact Ka¨hler mani-
fold X ′ and a surjective map ρ : X ′ → X such that V ′ := ρ−1(V ) is a hypersurface. Note
that ν(u ◦ ρ, x) > 0 for every x ∈ V ′ and v ◦ ρ is a current with analytic singularities
along V ′. Applying the first part of the proof gives the desired assertion. This finishes the
proof.
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Recall for every psh function v, the unbounded locus L(v) of v defined to be the set
of x such that v is unbounded in every open neighborhood of x. Observe that if v has
analytic singularities along V , then L(v) = V . For every closed positive (1, 1)-current
T , we define L(T ) to be the unbounded locus of a potential of T . Here is a necessary
condition for currents to be of relative full mass intersection in terms of Lelong numbers.
Theorem 4.12. Let X be a compact Ka¨hler manifold. Let T1, . . . , Tm be closed positive
(1, 1)-currents on X such that the cohomology class of Tj is Ka¨hler for 1 ≤ j ≤ m and T a
closed positive (p, p)-current on X with p +m ≤ n. Let V be an irreducible analytic subset
in X such that the generic Lelong numbers of T1, . . . , Tm, T are strictly positive. Assume
T1, . . . , Tm are of full mass intersection relative to T . Then, we have dimV < n− p−m.
Proof. Since θj is Ka¨hler for every j, we can use Theorem 4.4, Lemma 4.11 and the
comment following it to reduce the setting to the case where Tj are currents with analytic
singularities along V , for 1 ≤ j ≤ m (hence L(Tj) = V ). Since T is of bi-degree (p, p)
and T has positive Lelong number everywhere on V , we deduce that the dimension of V
is at most n − p. Let s be a nonnegative integer such that dimV = n − p − s. We need
to prove that s > m. Suppose on the contrary that s ≤ m. By Lemma 4.10, the currents
T1, . . . , Ts are of full mass intersection relative to T .
Since L(Tj) = V for every j, we see that for every J ⊂ {1, . . . , s}, the Hausdorff
dimension of ∩j∈JL(Tj)∩ SuppT is less than or equal to that of ∩j∈JL(Tj) which is equal
to dimV = n − p − s ≤ n − p − |J |. Thus, by [10, 15], the intersection of T1, . . . , Ts, T
is classically well-defined. By a comparison result on Lelong numbers ([10, Page 169])
and the fact that T1, . . . , Tm, T have strictly positive Lelong number at every point in V ,
we see that the Lelong number of ∧sj=1Tj ∧T at every point of V is strictly positive. Thus,
the current ∧sj=1Tj ∧ T has strictly positive mass on V (see [11, Lemma 2.17]). So by
Proposition 3.6, 〈∧sj=1Tj∧T 〉 is not of maximal mass. This is a contradiction. This finishes
the proof.
5 Weighted class of currents of relative full mass inter-
section
In this subsection, we introduce the notion of weighted classes of currents with full mass
intersection relative to a closed positive current T . We only consider convex weights
in the sequel. We refer to [16, 4, 6] for the case where T ≡ 1 and informations on
non-convex weights. We also note that [4] considers currents in big classes whereas our
setting here is restricted to currents in Ka¨hler classes.
We fix our setting. Let ω be a Ka¨hler form on X. Let m ∈ N∗. Let Tj = dd
cuj + θj be a
closed positive (1, 1)-current where θj is a smooth Ka¨hler form and uj is a negative θj-psh
function for 1 ≤ j ≤ m. Let 0 ≤ p ≤ n be an integer and T a closed positive current
of bi-degree (p, p) on X. We assume p +m ≤ n. This is a minimal assumption because
otherwise the relative non-pluripolar product is automatically zero by a bi-degree reason.
For k ∈ N, put ujk := max{uj,−k} and Tjk := dd
cujk + θj . Note that Tjk ≥ 0
because θj ≥ 0. Let β be a Ka¨hler (1, 1)-class and Em(β, T ) the set of closed positive
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(1, 1)-currents P in the class β such that (P, . . . , P ) (m times P ) is in E(β, . . . , β, T ) (m
times β). The class En(β) was introduced in [16]. We first prove the following result
giving the convexity of the class of currents of relative full mass intersection.
Theorem 5.1. Assume that Tj, . . . , Tj (m times Tj) are of full mass intersection relative
to T for 1 ≤ j ≤ m. Then, T1, . . . , Tm are also of full mass intersection relative to T . In
particular, for Ka¨hler (1, 1)-classes β, β ′, we have
Em(β, T ) + Em(β
′, T ) ⊂ Em(β + β
′, T )
and Em(β, T ) is convex .
Proof. Note that the second desired assertion is a direct consequence of the first one (re-
call that {Tj}’s are Ka¨hler). By Lemma 4.10, T has no mass on ITj for every 1 ≤ j ≤ m.
The first desired assertion follows from the following claim.
Claim. Let Pj be one of currents T1, . . . , Tm for 1 ≤ j ≤ m. Then, the currents P1, . . . , Pm
are of full mass intersection relative to T .
Let m˜ be an integer such that there are at least m˜ currents among P1, . . . , Pm which are
equal. We have 0 ≤ m˜ ≤ m. We will prove Claim by induction on m˜. When m˜ = m, the
desired assertion is clear by the hypothesis. Assume that it holds for every m˜′ > m˜. We
need to prove it for m˜. By Lemma 4.10, we can assume that θj ’s are all equal to a form θ.
Without loss of generality, we can assume that Pj = T1 for every 1 ≤ j ≤ m˜ and
P(m˜+1) = T2. If Pj = Tl, then we define vjk := ulk and Pjk := Tlk. Put
Q := ∧mj=m˜+2Pjk ∧ T ∧ ω
n−m−p, P˜k := dd
cmax{max{u1, u2},−k}+ θ
and P˜ := ddcmax{u1, u2}+ θ. Since the cohomology class of Tj is Ka¨hler for every j, we
can apply (4.12) to Pj. Hence, in order to obtain the desired assertion, we need to check
that ∫
Bk
T m˜1k ∧ T2k ∧Q→ 0 (5.1)
as k, l →∞, where
Bk := {u1k ≤ −k} ∪ {u2k ≤ −k} ∪ ∪
m
j=m˜+2{vjk ≤ −k}.
By Theorem 2.9, we get
1{u1k<u2k}T
m˜
1k ∧ T2k ∧Q = 1{u1k<u2k}T
m˜
1k ∧ P˜k ∧Q.
This implies
1{u1k<u2k}∩BkT
m˜
1k ∧ T2k ∧Q = 1{u1k<u2k}∩BkT
m˜
1k ∧ P˜k ∧Q.
It follows that ∫
{u1k<u2k}∩Bk
T m˜1k ∧ T2k ∧Q =
∫
{u1k<u2k}∩Bk
T m˜1k ∧ P˜k ∧Q (5.2)
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On the other hand, by induction hypothesis, the currents T1, . . . T1, Pm˜+2, . . . , Pm ((m˜+1)
times T1) are of full mass intersection relative to T . This combined with Theorem 4.4
implies that T1, . . . T1, P˜ , Pm˜+2, . . . , Pm (m˜ times T1) are of full mass intersection relative
to T because P˜ is less singular than T1. Using this, (4.12) and the fact that
{u1k < u2k} ∩Bk ⊂ {u1 ≤ −k} ∪ {max{u1, u2} ≤ −k} ∪ ∪
m
j=m˜+2{vjk ≤ −k},
we see that the right-hand side of (5.2) converges to 0 as k →∞. It follows that
∫
{u1k<u2k}∩Bk
T m˜1k ∧ T2k ∧Q→ 0 (5.3)
as k →∞.
Now let P˜ ′k := dd
cmax{u1k, u2k − 1}+ θ. The last current converges to
P˜ ′ := ddcmax{u1, u2 − 1}+ θ.
Observe that P˜ ′ is less singular than T2. By induction hypothesis and Theorem 4.4 as
above, we see that the currents P˜ ′, . . . , P˜ ′, T2, Pm˜+2, . . . , Pm (m˜ times P˜
′) are of full mass
intersection relative to T . Moreover, since T has no mass on IT1 , by (iii) of Proposition
3.5, we get
1IT1
〈P˜ ′m ∧ T2 ∧ ∧
m
j=m˜+2Pj∧˙T 〉 = 0 (5.4)
Using similar arguments as in the first part of the proof, we obtain
∫
{u1k>u2k−1}∩Bk
T m˜1k ∧ T2k ∧Q =
∫
{u1k>u2k−1}∩Bk
P˜ ′m˜k ∧ T2k ∧Q ≤
∫
Bk
P˜ ′m˜k ∧ T2k ∧Q (5.5)
=
∫
X
P˜ ′m˜k ∧ T2k ∧Q−
∫
X\Bk
P˜ ′m˜k ∧ T2k ∧Q
=
∫
X
P˜ ′m˜k ∧ T2k ∧Q−
∫
X\Bk
〈P˜ ′m ∧ T2 ∧ ∧
m
j=m˜+2Pj∧˙T 〉
=
∥∥〈P˜ ′m ∧ T2 ∧ ∧mj=m˜+2Pj∧˙T 〉∥∥Bk
because P˜ ′, . . . , P˜ ′, T2, Pm˜+2, . . . , Pm (m˜ times P˜
′) are of full mass intersection relative to
T . Observe that the right-hand side of (5.5) converges to
∥∥〈P˜ ′m ∧ T2 ∧ ∧mj=m˜+2Pj∧˙T∥∥IT1
as k →∞. The last quantity is equal to 0 because of (5.4). Consequently, we get
∫
{u1k>u2k−1}∩Bk
T m˜1k ∧ T2k ∧Q→ 0
as k →∞. Combining this and (5.3) and the fact that X = {u1k < u2k}∪ {u1k > u2k− 1}
gives (5.1). The proof is finished.
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Let χ : R → R be a continuous increasing function such that χ(−∞) = −∞ and for
every constant c, there exist constantsM, c1, c2 > 0 so that
χ(t + c) ≥ c1χ(t)− c2 (5.6)
for t < −M . Such a function is called a weight. For every function ξ bounded from above
on X, let
E˜ξ(T1, . . . , Tm, T ) :=
∫
X
−ξ〈T1 ∧ · · · ∧ Tm∧˙T 〉 ∧ ω
n−m−p (5.7)
The following simple lemma, which generalizes [16, Proposition 1.4], will be useful in
practice.
Lemma 5.2. Let ξ := χ(
∑m
j=1 uj) and ξk := χ(max{
∑m
j=1 uj,−k}). Assume that the current
T1, . . . , Tm are of full mass intersection relative to T . Then we have
E˜ξk(T1k, . . . , Tmk, T ) =
∫
X
−ξk〈∧
m
j=1Tj∧˙T 〉 ∧ ω
n−m−p (5.8)
which increases to E˜ξ(T1, . . . , Tm, T ) as k →∞; and if additionally E˜ξ(T1, . . . , Tm, T ) <∞,
then
∥∥ξk ∧mj=1 Tjk ∧ T − ξk〈∧mj=1Tj∧˙T 〉∥∥→ 0 (5.9)
as k →∞.
Proof. PutQ := 〈∧mj=1Tj∧˙T 〉 andQk := ∧
m
j=1Tjk∧T . Let ξ
0
k be the value of ξk on ∪
m
j=1{uj ≤
−k}. We have
ξkQk = ξk1∩mj=1{uj>−k}Q + ξ
0
k1∪mj=1{uj≤−k}
Qk
= ξk1∩mj=1{uj>−k}Q + ξ
0
kQk − ξ
0
k1∩mj=1{uj>−k}
Q
= ξkQ+ ξ
0
k
(
Qk −Q
)
.
Hence (5.8) follows by integrating the last equality over X and using the hypothesis. We
check (5.9). Since Qk = Q on ∩
m
j=1{uj > −k}, we have
ξkQk − ξkQ = 1∪mj=1{uj≤−k}ξkQk − 1∪mj=1{uj≤−k}ξkQ.
On the other hand, observe that
‖1∩mj=1{uj>−k}ξkQ‖ → ‖ξQ‖ = Eξ(T1, . . . , Tm, T ) <∞
as k → ∞ because Q has no mass on ∪mj=1{uj = −∞}. Hence ‖1∪mj=1{uj≤−k}ξkQ‖ → 0 as
k →∞. Observe∫
X
1∪mj=1{uj≤−k}
ξkQk ∧ ω
n−m−p =
∫
X
(ξkQk − 1∩mj=1{uj>−k}ξkQk) ∧ ω
n−m−p
=
∫
X
(ξkQk − 1∩mj=1{uj>−k}ξkQ) ∧ ω
n−m−p
converging to 0 as k →∞ by (5.8). Thus (5.9) follows. The proof is finished.
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Definition 5.3. We say that T1, . . . , Tm are of full mass intersection relative to T with
weight χ if T1, . . . , Tm are of full mass intersection relative to T and for every nonempty set
J ⊂ {1, . . . , m}, we have E˜ξ
(
(Tj)j∈J , T
)
<∞, where ξ := χ(
∑m
j=1 uj) .
The last definition is independent of the choice of potentials uj by (5.6). For currents
T1, . . . , Tm of full mass intersection relative to T and ξ := χ(
∑m
j=1 uj), we can also define
the joint ξ-energy relative to T of T1, . . . , Tm by putting
Eξ(T1, . . . , Tm, T ) :=
∑
J
∫
X
−ξ〈∧j∈JTj∧˙T 〉 ∧ ω
n−p−|J |,
where the sum is taken over every subset J of {1, . . . , m}. The last energy depends on
the choice of potentials but its finiteness does not.
Let α1, . . . , αm be Ka¨hler (1, 1)-classes on X. Let Eχ(α1, . . . , αm, T ) be the set of m-
tuple (T1, . . . , Tm) of closed positive (1, 1)-currents such that T1, . . . , Tm of full mass inter-
section relative to T with weight χ and Tj ∈ αj for 1 ≤ j ≤ m.
For pseudoeffective (1, 1)-class β, we define Eχ,m(β, T ) to be the subset of Em(β, T )
consisting of P such that (P, . . . , P ) is in Eχ(β, . . . , β, T ) (m times β). When m = n,
the class Eχ,m(β, T ) was mentioned in [16, Section 5.2.2]. The last class was studied in
[16, 4] when T is the current of integration along X and m = n.
For P ∈ Eχ,m(β, T ) with P = dd
cu+ θ (θ is Ka¨hler) and ξ := χ(mu), we put
Eξ(P, T ) := Eξ(P, . . . , P, T )
(m times P ). The following result explains why our weighted class generalizes that given
in [16].
Lemma 5.4. (i) A current P ∈ Eχ,m(β, T ) if and only if P ∈ Em(β, T ) and ξ is integrable
with respect to 〈Pm ∧ T 〉.
(ii) Assume that T is the current of integration along X and m = n. Then, the energy
Eχ,m(P, T ) is equivalent to the energy associated to χ˜(t) := χ(n t) given in [16].
Proof. This is a direct consequence of computations in the proof of [4, Proposition 2.8
(i)] and Lemma 5.2: one first consider the case where χ is smooth and use Lemma 5.7
below; the general case follows by regularizing χ. The proof is finished.
The following result is obvious.
Lemma 5.5. Let ηj be a positive closed (1, 1)-form for 1 ≤ j ≤ m. Then T1, . . . , Tm are of
full mass intersection relative to T with weight χ if and only if (T1 + η1), . . . , (Tm + ηm), T
are of full mass intersection relative to T with weight χ.
From now on, we focus on convex weights. Let W− be the set of convex increasing
functions χ : R→ R with χ(−∞) = −∞. Observe that if χ ∈ W−, then χ is automatically
continuous. Basic examples of χ are −(−t)r for 0 < r ≤ 1. We have the following
important observation which, in particular, implies that W− is a set of weights in the
sense given above.
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Lemma 5.6. Let χ ∈ W−. Let g be a smooth radial cut-off function on R, i.e, g(t) = g(−t)
for t ∈ R, g is of compact support , 0 ≤ g ≤ 1 and
∫
R
g(t)dt = 1. Put gǫ(t) := ǫ
−1g(ǫt) for
every constant ǫ > 0 and χǫ := χ ∗ gǫ (the convolution of χ with gǫ). Then χǫ ∈ W
−, χǫ ≥ χ
and
0 ≥ tχ′ǫ(t) ≥ χǫ(t)− χǫ(0) (5.10)
for t ≤ 0. Consequently, (5.6) holds for χ ∈ W−, or in other words, χ is a weight.
Clearly we always have that χǫ converges uniformly to χ because of continuity of χ.
Proof. By definition,
χǫ(t) =
∫
R
χ(t− s)gǫ(s)ds =
∫
R+
(
χ(t− s) + χ(t+ s)
)
gǫ(s)ds.
We deduce that since χ is convex, χǫ ≥ χ for every ǫ. The inequality (5.10) is a direct
consequence of the convexity. It remains to prove the last desired assertion. We can
assume χ is smooth by the previous part of the proof. Since χ is increasing, it is enough
to prove the desired assertion for c ≥ 0. Fix a constant c ≥ 0. Consider t < −|c| +M for
some big constant M . Write χ(t + c) = χ(t) +
∫ t+c
t
χ′(r)dr. Using (5.10), we obtain that
there is a constant c1 > 0 independent of c such that
χ(t+ c)− χ(t) ≥ −
∫ |t|+c
|t|
[−χ(−r) + c1]/rdr ≥ (χ(t)− c1)
(
log(|t|+ c)− log |t|
)
.
Thus the desired assertion follows. The proof is finished.
We will need the following computation which seems to be used implicitly in the
literature.
Lemma 5.7. Let χ ∈ C 3(R) and w1, w2 bounded psh functions on an open subset U of C
n.
Let Q be a closed positive current of bi-dimension (1, 1) on U . Then we have
ddcχ(w2) ∧Q = χ
′′(w2)dw2 ∧ d
cw2 ∧Q + χ
′(w2)dd
cw2 ∧Q (5.11)
and the operator w1dd
cχ(w2) ∧ Q is continuous (in the usual weak topology of currents)
under decreasing sequences of smooth psh functions converging to w1, w2. Consequently, if
f is a smooth function with compact support in U , then the equality
∫
U
fw1dd
cχ(w2) ∧Q =
∫
U
χ(w2)dd
c(fw1) ∧Q (5.12)
holds. Moreover, for f as above, we also have
∫
U
fχ(w2)dd
cw1 ∧Q =
∫
U
χ(w2)df ∧ d
cw1 ∧Q+
∫
U
fχ′(w2)dw2 ∧ d
cw1 ∧Q. (5.13)
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Proof. Clearly, all of three desired equalities follows from the integration by parts if w1, w2
are smooth. The arguments below essentially say that both sides of these equalities are
continuous under sequences of smooth psh functions decreasing to w1, w2. This is slightly
non-standard due to the presence of Q even when χ is convex.
First observe that (5.12) is a consequence of the second desired assertion because
both sides of (5.12) are continuous under a sequence of smooth psh functions decreasing
to w2. We prove (5.11). The desired equality (5.11) clearly holds if w2 is smooth. In
general, let (wǫ2)ǫ be a sequence of standard regularisations of w2. Recall that dd
cχ(w2)∧Q
is defined to be ddc
(
χ(w2)Q
)
which is equal to the limit of ddc
(
χ(wǫ2)Q
)
as ǫ → 0. By
(5.11) for wǫ2 in place of w2, we see that dd
c
(
χ(wǫ2)Q
)
is of uniformly bounded mass. As
a result, ddcχ(w2) ∧Q is of order 0. Thus w1dd
cχ(w2) ∧Q is well-defined. Put
I(w1, w, w2) := w1χ
′′(w)dw2 ∧ d
cw2 ∧Q+ w1χ
′(w)ddcw2 ∧Q.
Recall that I(1, wǫ2, w
ǫ
2)→ dd
cχ(w2) ∧Q. By Corollary 2.5, we have
I(w1, w2, w
ǫ
2) → I(w1, w2, w2) (5.14)
as ǫ→ 0. On the other hand, since χ′′ is in C 1, we get
|χ′′(wǫ2)− χ
′′(w2)| . (w
ǫ
2 − w2), |χ
′(wǫ2)− χ
′(w2)| . (w
ǫ
2 − w2).
This combined with the convergence of Monge-Ampe`re operators under decreasing se-
quences tells us that
(
I(w1, w
ǫ
2, w
ǫ
2)− I(w1, w2, w
ǫ
2)
)
→ 0 (5.15)
as ǫ→ 0. Combining (5.15) and (5.14) gives that I(w1, w
ǫ
2, w
ǫ
2)→ I(w1, w2, w2) as ǫ→ 0.
Letting w1 ≡ 1 in the last limit, we get (5.11). The second desired assertion also follows.
We prove (5.13) similarly. The proof is finished.
Here is a monotonicity property of weighted classes.
Theorem 5.8. (Monotonicity of weighted classes) Let χ ∈ W− with |χ(0)| ≤ 1. Let T ′j be
a closed positive (1, 1)-current whose cohomology class is Ka¨hler for 1 ≤ j ≤ m. Assume
that T ′j is less singular than Tj and T1, . . . , Tm are of full mass intersection relative to T with
weight χ. Then, T ′1, . . . , T
′
m are also of full mass intersection relative to T with weight χ and
for ξ := χ
(∑m
j=1 uj
)
, we have
Eξ(T
′
1, . . . , T
′
m, T ) ≤ c1Eξ(T1, . . . , Tm, T ) + c2, (5.16)
for some constants c1, c2 > 0 independent of χ.
Proof. Let T ′j = dd
cu′j + θ
′
j for some smooth Ka¨hler forms θ
′
j . Put v :=
∑m
j=1 uj, vk :=
max{v,−k}, ξ := χ(v) and ξk := χ(vk). Let ujk := max{uj,−k} , Tjk := dd
cujk + θj .
Define u′jk, T
′
jk similarly. We have uj ≤ u
′
j. Observe that
(T ′j)j∈J ′, (Tj)j∈J are of full mass intersection relative to T (5.17)
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by Lemma 4.10. Hence, in order to obtain the first desired assertion, it suffices to check
(5.16) because −χ(
∑m
j=1 u
′
j) ≤ −ξ. The desired inequality (5.16) follows by letting
k →∞ in the following claim and using Lemma 5.2 and (5.17).
Claim. For every J, J ′ ⊂ {1, . . . , m} with J ∩ J ′ = ∅, we have∫
X
ξk ∧j∈J ′ T
′
jk ∧j∈J Tjk ∧ T ∧ ω
n−p−|J |−|J ′| > −c1Eξk(T1k, . . . , Tmk, T )− c2,
for some constants c1, c2 independent of χ.
It remains to prove Claim now. We observe that it is enough to prove Claim for χ smooth
by Lemma 5.6. Consider, from now on, smooth χ. We can also assume that uj, u
′
j < −M
for some big constantM .
We prove Claim by induction on |J ′|. When J ′ = ∅, this is clear. Assume Claim holds
for every J ′ with |J ′| < m′. We need to prove that it holds for J ′ with |J ′| = m′. Without
loss of generality, we can assume that 1 ∈ J ′. Put
Qk := ∧j∈J ′\{1}T
′
jk∧∧j∈JTjk∧T∧ω
n−p−|J |−|J ′|, Q := 〈∧j∈J ′\{1}T
′
j∧j∈JTj∧˙T 〉∧ω
n−p−|J |−|J ′|.
By integration by parts, we obtain
Ik :=
∫
X
ξkT
′
1k ∧Qk =
∫
X
u′1kdd
cξk ∧Qk +
∫
X
ξkθ
′
1 ∧Qk. (5.18)
Denote by Ik,1, Ik,2 the first and second terms in the right-hand side of the last equality.
By induction hypothesis, we get
Ik,2 ≥ −c1Eξk(T1k, . . . , Tmk, T )− c2
for some constants c1, c2 > 0 depending only on the masses of Tj , T
′
j for 1 ≤ j ≤ m.
It remains to treat Ik,1. Put θ :=
∑m
j=1 θj . Note that dd
cvk + θ ≥ 0. By Lemma 5.7, the
current (ddcξk + χ
′(vk)θ) ∧ Qk is positive. This combined with the inequality u1k ≤ u
′
1k
gives
Ik,1 =
∫
X
u′1k(dd
cξk + χ
′(vk)θ) ∧Qk −
∫
X
u′1kχ
′(vk)θ ∧Qk
≥
∫
X
u1k(dd
cξk + χ
′(vk)θ) ∧Qk −
∫
X
u′1kχ
′(vk)θ ∧Qk
=
∫
X
ξkT1k ∧Qk −
∫
X
ξkθ1 ∧Qk +
∫
X
(u1k − u
′
1k)χ
′(vk)θ ∧Qk
≥
∫
X
ξkT1k ∧Qk +
∫
X
ξk(θ − θ1) ∧Qk − χ(0)
∫
X
θ ∧Qk
because
(u1k − u
′
1k)χ
′(vk) ≥ u1kχ
′(vk) ≥ vkχ
′(vk) ≥ χ(vk)− χ(0) = ξk − χ(0)
(see (5.10)). This combined with induction hypothesis gives
Ik,2 ≥ −c1Eξk(T1k, . . . , Tmk, T )− c2.
Hence, Claim follows. The proof is finished.
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By the above proof, one can check that if we fix θ1, . . . , θm and θ
′
1, . . . , θ
′
m, then the
constants c1 and c2 in (5.16) can be chosen to be independent of T1, . . . , Tm. Here is a
convexity property for weighted classes.
Theorem 5.9. Let χ ∈ W−. Assume that Tj, . . . , Tj (m times Tj) are of full mass intersection
relative to T with weight χ for 1 ≤ j ≤ m. Then, T1, . . . , Tm are also of full mass intersection
relative to T with weight χ. In particular, for Ka¨hler (1, 1)-classes β, β ′, we have
Eχ,m(β, T ) + Eχ,m(β
′, T ) ⊂ Eχ,m(β + β
′, T )
and Eχ,m(β, T ) is convex.
Proof. The second and third desired assertions are direct consequences of the first one.
We prove the first desired assertion. Firstly, by Theorem 5.1, we have
T1, . . . , Tm are of full mass intersection relative to T . (5.19)
By Lemma 5.5, we can assume that θj = θ for every 1 ≤ j ≤ m. The desired assertion is
a consequence of the following claim.
Claim. Let Pj be one of currents T1, . . . , Tm for 1 ≤ j ≤ m. Then, the currents P1, . . . , Pm
are of full mass intersection relative to T with weight χ.
Let m˜ be an integer such that there are at least m˜ currents among P1, . . . , Pm which are
equal. We have 0 ≤ m˜ ≤ m. We will prove Claim by induction on m˜. When m˜ = m,
the desired assertion is clear by the hypothesis. Assume that it holds for every number
m˜′ > m˜. We need to prove it for m˜.
Without loss of generality, we can assume that Pj = T1 for every 1 ≤ j ≤ m˜ and
P(m˜+1) = T2. If Pj = Tl, then we define vjk := ulk and Pjk := Tlk. Put Q := ∧
m
j=m˜+2Pjk ∧
T ∧ ωn−m−p, P˜k := dd
cmax{u1k, u2k}+ θ and
wk :=
m∑
j=m˜+2
vjk.
By Lemma 5.2 and (5.19), we need to check that
∫
X
−χ(m˜u1k + u2k + wk)T
m˜
1k ∧ T2k ∧Q ≤ C (5.20)
for some constant C independent of k. Actually, we need to verify a stronger statement
that for every J ⊂ {1, . . . , m˜}, then
∫
X
−χ(m˜u1k + u2k + wk) ∧j∈J Pjk ∧ T ∧ ω
n−p−|J |
is uniformly bounded in k, but the proof will be similar to that of (5.20).
Observe that X = {u1k < u2k} ∪ {u1k > u2k − 1}. Using Theorem 2.9, we get
1{u1k<u2k}T
m˜
1k ∧ T2k ∧Q = 1{u1k<u2k}T
m˜
1k ∧ P˜k ∧Q.
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This combined with the fact that −χ(m˜u1k + u2k +wk) ≤ −χ
(
(m˜+1)u1k +wk
)
on {u1k <
u2k} implies
∫
{u1k<u2k}
−χ(m˜u1k + u2k + wk)T
m˜
1k ∧ T2k ∧Q =∫
{u1k<u2k}
−χ(m˜u1k + u2k + wk)T
m˜
1k ∧ P˜k ∧Q
which is ≤ ∫
X
−χ
(
(m˜+ 1)u1k + wk
)
T m˜1k ∧ P˜k ∧Q.
By the fact that P˜k is less singular than T1k and Claim in the proof of Theorem 5.8, we
see that the right-hand side of the last inequality is bounded uniformly in k because
T1, . . . T1, Pm˜+2, . . . , Pm ((m˜+ 1) times T1) are of full mass intersection relative to T with
weight χ (this is a consequence of the induction hypothesis). It follows that
∫
{u1k<u2k}
−χ(m˜u1k + u2k + wk)T
m˜
1k ∧ T2k ∧Q ≤ C (5.21)
for some constant C independent of k. Similarly, for P˜ ′k := dd
cmax{u1k, u2k − 1}+ θ, we
have
∫
{u1k>u2k−1}
−χ(m˜u1k + u2k + wk)T
m˜
1k ∧ T2k ∧Q ≤
c1
∫
X
−χ
(
(m˜+ 1)u2k + wk
)
(P˜ ′k)
m˜ ∧ T2k ∧Q+ c2
for some constants c1, c2 > 0 independent of k (we used (5.6) here). Using the induction
hypothesis again and the fact that P˜ ′k is less singular that T2k, we obtain∫
{u1k>u2k−1}
−χ(m˜u1k + u2k + wk)T
m˜
1k ∧ T2k ∧Q ≤ C (5.22)
for some constant C independent of k. Combining (5.22) and (5.21) gives (5.20). The
proof is finished.
We now give a continuity property of weighted classes which generalizes the second
part of [4, Theorem 2.17]) in the case where the cohomology classes of currents are
Ka¨hler.
Proposition 5.10. Let χ ∈ W−. Let Tj,l = dd
cuj,l + θj be closed positive (1, 1)-currents, for
every 1 ≤ j ≤ m, l ∈ N such that uj,l → uj as l → ∞ in L
1 and uj,l ≥ uj for every j, l.
Assume that T1, . . . , Tm are of full mass intersection relative to T with weight χ. Then, we
have
χ
( m∑
j=1
uj,l
)
〈∧mj=1Tj,l∧˙T 〉 → χ
( m∑
j=1
uj
)
〈∧mj=1Tj∧˙T 〉
as l →∞.
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Proof. By Theorem 5.8, the currents T1,l, . . . , Tm,l are of full mass intersection relative
to T with weight χ for every l. The desired convergence now follows by using argu-
ments similar to those in the proof of [4, Theorem 2.17] (notice also Lemma 5.2 and the
comment after Theorem 5.8). The proof is finished.
Remark 5.11. As in [16], we can check that E(α1, . . . , αm, T ) = ∪χ∈W−Eχ(α1, . . . , αm, T )
for Ka¨hler classes α1, . . . αm on X.
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